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Extending the Content and Expanding the 
Usefulness of the Simple Gaussian Lens Equations 

L. T. Sachtleben 

Abstract-The two classical, simple Gaussian lens equations relate four variables; this study 

extends them to three equations and adds a fifth, composite variable. The equations 
are stabilized and kept analytically manageable by adopting a purely optical sign 
convention proposed by Gardner. A table presents complete solutions of the three 
equations. Further usefulness of the equations is developed by applying them to 
the case of two separated lenses, or systems in air or vacuum. Partial solutions 
are derived, and a few representative two -lens applications are developed. General 
use of the solutions is simplified by a transformation. The extended equations are 
useful in planning new systems, and in analyzing and further developing an existing 
or proposed system. Their use may precede or accompany considerations of both 
photometry and computer -programmed correction of aberrations. They are not 
useful in the case of systems such as high-speed spherical condensers, whose 
aberrations though minimized or otherwise adjusted will remain large and un- 
corrected. 

1. Introduction 

The academic, research, or engineering worker who is required to use 
the simple Gaussian lens equations to obtain first -order solutions to lens 
problems, is likely to have some frustrating experiences. This can 
sometimes happen, even if the problem involves only one simple lens. 
But the difficulties can mount very rapidly if the problem involves two 
or more separated lenses on a common axis. Not the least frustrating part 
of such a problem will he the worker's inability to find clear and efficient 
guidance in available optical literature. 

In any event, the statements just made reflect the writer's own expe- 
rience; an experience that slowly and indirectly resulted in his working 
out the relationships presented here. If these, or other equally useful, 
or more useful Gaussian relationships are well known in the optical in- 
dustry, they remain a part of its fund of proprietary information that 
does not find its way into optical literature. 
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2. The Historical Background 

The simple Gaussian equations for a lens in air or vacuum, enable us to 
deal with lens problems that are framed in terms of the following 

quantities (see Fig. 1): 

(1) an object distance, x; 
(2) an image distance, y; 
(3) a focal length, 1; 

(4) a transverse magnification, M. 
The equations have the typical form 

1 1 1 -+-_- 
x y 

=M. 
x 

These two equations are commonly referred to as the "thin -lens" 
equations, and they are ordinarily applied on the assumption that the 
lens thickness is zero. 

C x 
OBJECT H H 

LIGHT DIRECTION 4.L_ I 
ALWAYS POSITIVE SIMPLE LENS OR ANY 

CENTERED OPTICAL SYSTEM 

Fig. 1-Simple lens or any centered optical system. 

MAGNIFICATION M 

D 

x f -s Y 

-\t 
O -4-- x x- - Ix C 

IMAGE 

Gauss' theory of the principal points of a lens or optical system showed, 
in 1840, that the thin -lens equations can be applied to a "thick" lens, or 

to any lens system, if the principal point locations are known or as- 

sumed.""2 Since that time, optical literature appears to have been well 

satisfied with Gauss' solution to the thick -lens problem; in practice, 
however, first -order solutions to many such problems remain very dif- 
ficult to accomplish. The reason for this difficulty is two -fold: 

(1) A large and very confusing assortment of sign conventions exists 
in the literature.; 

(2) Gauss' solution to the thick -lens problem is customarily applied 
in the manner of a rule -of -thumb practical expedient. The solution, and 
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GAUSSIAN LENS EQUATIONS 

its broad implications, have not received a general mathematical for- 
mulation and development in optical literature. 

3. Extension of the Content of the Equations 

The sign convention situation was neatly resolved in 1927 by I. C. 
Gardner of the Bureau of Standards, who replaced the usual Cartesian 
frame of reference by a purely optical reference frame for determining 
signs.4 In the Gardner scheme the positive direction is defined simply 
as the direction of light -travel through a lens or system. By defining the 
initial and terminal points of any relevant optical distance or segment 
along the optical axis, the sign of the distance becomes positive if its 
direction (from the initial to the terminal point) is the same as that of 
the light; otherwise it is negative. 

When the sign convention question is settled in this manner and a new 
equation is set up that represents Gauss' solution to the thick -lens 
problem, the simple lens equations take the permanent form: 

11_1 
y x f 

= M, [2] 

y-x=(D-S), 131 

where (see Fig. 1) D is the object -to -image distance, with the object de- 
fined by the writer to he the initial point. The image is the terminal point. 
Distance S is the first -to -second principal point distance, with the first 
principal point H also defined by the writer to be the initial point. The 
second principal point H' is the terminal point. 

In the light of Gauss' theory of principal points, the initial point of the 
object -distance x is, in effect, defined by Gardner to coincide with the 
first principal point H. Its terminal point is the object O. The initial point 
of the image -distance y is similarly defined as the second principal point 
H'. Its terminal point is the image I. 

Negative values of the magnification M correspond to inverted images 
and positive values of M to upright images.5 Negative values of the focal 
length f correspond to a diverging lens, and positive values off corre- 
spond to a converging lens. 

Although the sign convention proposed by Gardner was originally 
restricted to the thin -lens case, its unique and valuable property of being 
a purely optical convention is not lost when it is extended to the thick - 
lens case, in the manner of Gauss' solution. It should, therefore, continue 

111 
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GAUSSIAN LENS EQUATIONS 

to he known as the Gardner sign convention, although certain arbitrary 
elements have been added by the writer. 

Vhen the content of the equations is extended by including both S 
and 1) among the relevant quantities with which they are concerned, the 
usual two Gaussian lens equations become three in number. As a result, 
both the analytical significance and the practical usefulness of the 
equat ions are greatly expanded. 

4. Significance of the Three Equations for a Single Lens or System 

The three equations involve five variables, it being convenient to regard 
(1) - S) as a single variable. Any one of these variables may he expressed 
in terms of the remaining four taken two at a time. The complete set of 
such solutions is presented in Table 1. Each Roman -numeral column 
of the table is headed by a dependent variable, and each Arabic -numeral 
row is preceded by two independent variables in terms of which each of 
the remaining three dependent variables is expressed. The expressions 
for the dependent variables appear at the intersections of the appropriate 
rows and columns. 

The thirty expressions of Table 1 allow all of the variables in the three 
equal ions to he calculated when any two of them are given or assumed. 
In the case of row 9 of the table, the expression is quadratic in the de- 
pendent variable x, y, or M, and the expression can consequently have 
complex solutions for certain sets of values of the independent variables 
/ and (1) - S). Such complex solutions correspond to the well-known 
thin -lens situation in which S = 0, and 

4/>1 < 
4( 

> <. 
1) y-x 

The occurrence of a complex solution always means that there can he 
no physical optical system that corresponds to the chosen values of the 
independent variables. 

The simplest solution for x, y, and M in row 9 in Table 1 is as follows. 
From (V-9), 

Rfi.z = 1 

¡1 - - 1, 

from (I11-10), 

1)-S 
1 - 

and from (1V-10) 
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(D - S)M, 
and y2 = -x i; Y = -x2; M2 = 1/Mi. 

I - MI,2 

Table I can be said to contain the solution of any problem that con- 
cerns only a single lens, or that concerns a system of lenses that is re- 
garded as only a single image -forming entity represented by two principal 
points and a focal length. An ordinary photographic lens is a good ex- 
ample of such a system. 

The Gardner sign convention governs the sign of each linear quantity 
that enters any expression in the table. It also governs the interpretation 
of the sign of each solution in accordance with the definitions of the 
initial and terminal points of x, y, D; and S and in accordance with the 
definitions of the signs of M and f that were given above. There are no 
exceptions to this rule. The Gardner sign convention never has to be 
changed from the form given here. The occasional problem that may be 
troublesome because it involves an indeterminate form will not require 
any change in the sign convention or its manner of application to the 
problem. 

5. Significance of the Extended Simple Lens Equations For Two 
Separated Lenses or Systems 

A group of problems of much interest concerns two separated lenses or 
lens systems on a common axis. The axis is defined as the straight line 
on which lie all of the centers of curvature of the spherical refracting 
surfaces of the system. These problems are often very difficult to solve 
on the restricted four -variable basis of Eqs. [1] and 12], even when ad- 
ditional equations that apply to separated lenses are deduced from Eqs. 
[ 1 ] and [2]. The general solution of such two -lens problems is very much 
simplified by the extended relationships of Eqs. [1], [2], and 131, and the 
equations of Table 1. 

Two separated lenses, or two separated optical systems on a common 
axis c -c, are represented schematically by Fig. 2. The lenses or systems 
are L1 and L2. The distances, principal points, and other quantities that 
are locally or immediately associated with either of them are given the 
same ordinal subscript as the lens, or system. Of themselves, the sub- 
scripts indicate the order in which the light reaches and passes through 
the two lenses or systems. 

The separation of L2 from Li is an optical separation, and is the dis- 
tance a from the second principal point of L1 as initial point, to the first 
principal point of L2 as terminal point, with its sign conforming to the 
Gardner convention. Table 2 identifies each of the quantities represented 
in Fig. 2 and in Fig. 1, and defines the sense of the corresponding directed 
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GAUSSIAN LENS EQUATIONS 

axial line segments. By the Gardner sign convention the sign of any such 
finite segment is positive when its sense coincides with the direction of 
the light through the system; otherwise its sign is negative. 

In Fig. 2, L( has a focal length f 1, and produces an image of 0 at 0', the 
magnification being MI. L2 likewise has focal length 12, and reimages O' 

C-x1 

D2 

o I 
x 

'I' 

MAGNIFICATION M = M,M2 

s, 

L1 L2 

IP 
1 . 1 .. .. 

1 
.O ._ .. _ 

IMAGE H2 H2 H 

I0'R\ 

H, HI 

H. 

OBJECT 

J f , `INTERMEDIATE IMAGE (SCHEMATIC ONLY) i 

HT IR CTI N 

I ALWAYS POSITIVE 

f -Op 

- 
1.1 

MAGNIFICATION M, - 

DI 

Y2 S2 f- o r- 

...MAGNIFICATION M2 

y2p 

Fig. 2-Two separated lenses, or two separated optical systems, centered on c -c and with 

optical separation a. 

at I with magnification M2. By this two -stage or relay -type imaging se- 
quence, 0 is finally imaged at I, the overall magnification being 

M = M 1 M2 14] 

Inspection of Fig. 2 reveals the following two relations, when the Gard- 
ner sign convention is kept in mind, 

y2=x1 -S, -a -S2+D 151 

x2=y1-a. 161 

By suitably using the relationships of Table 1, together with Eqs. 141 

through 16J, the following two equations that express the principal or 
primary working relationship between six of the seven primary variables 
of Table 2 may he established. For convenience (D - S1 - S2) is con- 
sidered a single primary variable. 

-Mx 1a 
f1 - (1 -M)(x1 -a)+D - S1 - S2' 

a(x1+D-S1-S2)-a2 
f2 (1 - M) x1 + D - S1 - S2. 

171 

181 
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Table, 2-Rey, to the Sense of the Applicable Directed Axial line Segments in Fig. 2 
(and Fig. 1) 

Set. 
N. 

Segment 
Symbol ' 

Sense of 
the Segment Name of Segment 

Rank 
(Fig. 2 
Only) 

1* 

2 

x, 

S, 

11,0 (Not 
01-I,) 

II,H,' (Not 

Object Distance Relative to 
1., 

Principal Point Separation; 

Primary 

Primary 

3 1, 
H,11,)for L, 

Focal Length of 1,, (riot 
represented by a seg- 
ment) 

Primary 

4 

5 

6 

a 

S, 

12 

H,1-1, (NotOptical 
H,II,') 

11,H,' (Not 
H,'H,) 

Separation: 1,, from 
L, 

Principal Point Separation; 
for l,, 

Focal Length of L, (not 
represented by a seg- 
ment) 

Primary 

Primary 

Primary 

7 

8 

9* 

10 

y, 

y, 

x, 

1.) (Figs. I 

I-I,'I (Not 
11-1,') 

I-I,"O' (Not 
O'II,') 

11,0' (Not 
O'H2) 

01 (Not 

Image Distance Relative to 
I , 

Intermediate Image Distance; 
Relative to L, 

Intermediate Object Dis- 
tance; Relative to I., 

Object -to -Image Distance 

Primary 

Secondary 

Secondary 

Primary 
& 2) 10) (Figs. l & 2) 

11 F (or 1. 

Fig. I ) 

Focal Length; System L, L, 
(not represented by a seg- 
ment) (or System I 

Secondary 

Fig. I ) 

12* S = 1)P (or 1-11-1' (Not Principal Point Separation; Secondary 
S, Fig. I) I-I'H) System I., L, (or L, 

Fig. 1 ) 

13t X (or x, 
Fig. 1) 

110 (Not 
01-I) 

Object Distance; System 
L, L. (or L, Fig. I ) 

Secondary 

14 Y (or y, 
I. ig. I ) 

I I'I (Vol. III') Image Distance; System 
I,, L, (or L, Fig. I ) 

Secondary 

15' A/, = 
y, 
x 

Partial Transverse Magni- 
fication; for L, (not 
represented by a segment) 

Secondary 

I6* y, 
11, - 

= 

Partial Transverse Magni- 
fication; for I., (no! 
represented by a segment ) 

Secondary 

17 1! (= M, t!, = 

v, v,\ Parenthetic 
Magnification; System L, L, 

(or I,, Fig. I )(not repre- 
Primary 

Y/.Y =:t 
-1,2) Statement seated by a segment) 

Not Appli- 
cable to 
Fig. 1. 

18 I-I,H = x,l, H,II (Not 
H1-1,) 

location of FI Relative to L, Secondary 

19' H2'II' = 

x'21) 

H,'H' (Not 
H'I1,') 

Location of I -I' Relative to L, Secondary 

20 

21 

!), 

1), 

00' (No( 
O'0) 

01 (.Vo( 
10') 

Part ial Object -to -Image 
Distance; for L, 

Partial Object -to -Image 
Distance; for L, 

Secondary 

Secondary 

*These items are (shown) negative in Fig. 2. 
1 -This item is (shown) negative in Fig. 2 and in Fig. 1. 

444 RCA Review Vol. 37 December 1976 



GAUSSIAN LENS EQUATIONS 

6. The Replacement Transformation 

The thirty equations of Table 1, Eqs. (4( through 181, and all general 
equations that may be derived from those thirty-five equations, may be 

conveniently transformed by means of the transformation replacements 

that are scheduled in Table 3. 

Table 3-Schedule of Transformation Replacements. Make All Replacements 
of This Table, As May Be Applicable in Any Particular General 
Working Equation Pertaining to Fig. 2, Fig. 1, and Table 1. Keep 
Light Direction Unchanged and Continue Observance of Gardner 
Sign Convention. 

Item Replace 

1 

2 
3 

x, 
Y: 
f, 

-Y: 
-x, 
f, 

4 f, (I 
5 S, S, 

i 6 S, S, 
.7 a a 

. 8 M (Figs. I or 2) 1/M (Figs. 1 or 2) 
9 D (Figs. 1 or 2) D (Figs. 1 or 2) 

10 Up = S(or S, Fig. 1) Up = S (or S, Fig. 1) 
, 11 X (or x, Fig. 1 ) -Y (or -y, Fig. 1 ) 

12 Y (or y, Fig. 1) -X (or -x, Fig. 1 ) 

13 F (or 1, Fig. 1 ) F (or f, Fig. 1) 
14 11,11 = x,p -H,'H' = -Y:p 
15 l l,' 1 l' = Y2p -H,11= -x , p 
16 y, -x, 
17 x, -Y, 
18 M, UM, 
19 M, UM, 
20 -D, D, 
21 D, D, 

By using the replacement transformation, each equation of Table 1 

is transformed either into itself or into another equation of the Table. 

Eqs. [4[ through [6[ are transformed into themselves, but Eq. 181 trans- 
forms into 

fl (1 - M)y2 + M(D - S1 - S2) 

and Eq. [7) transforms into 

Ma(-y2 + D - Si - S2) - Ma 

ay2 
2 

(1 - M)(y2 + a) + M(D -S1 -S2) 
Thus, two new equations are formed with a minimum of work. 

[91 

(lOI 
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Some of the primary working equations that are presented here, and 
some of the equations that may be derived from them, are obtained 
through the use of what is quite tedious algebra. In many instances, 
however, such as in the case above, the use of the replacement trans- 
formation avoids much unnecessary work. It will be advantageous to use 
this transformation wherever possible in developing new solutions. 

7. Primary Working Equations For Two Separated Lenses or Systems 

The principal relationship, expressed by Eqs. [7] and [8], can be solved 
in a number of different ways to obtain additional primary working 
equations that involve only the primary variables of Table 2. The general 
approach is to solve both Eqs. [7] and [8] for any one of the four variables 
that appear in both equations, then eliminate that variable and solve 
the resulting equation for each of the remaining variables in turn. This 
process will produce seven new equations for each variable that is 

eliminated. Application of the replacement transformation will then 
double the number of primary working equations, except in those cases 
where an equation transforms into itself. 

The basic derivations of the primary working equations are as fol- 
lows: 

-Mx ia-(1-M)(x -a)fI,from 
I. D-Si-S2- F.g.[7], 

fI 

xl[a - (1 - M)f2] -a2 
D - Si - S2 = from Eg. [8]. 

f2 -a 

By eliminating D - S1 - S2 between Eqs. [11] and [12], 

M /112 
= 

(fi +f2-a)x +f1(f2-a). 

[12] 

[13] 

-fi[D - Si -S2-(1 - M)a] ., 
II. x i- , from Eq. [ i ], [14] 

fi(1 -M)+Ma 
(a - f2)(D -Si- S2) -a2 

X from Eg. [8]. [15] 
f2(1-M)-a 

By eliminating x li between Eqs. [14] and [15], 
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GAUSSIAN LENS EQUATIONS 

U-S1-S2 
a= 

2 

+ (D - S, - SZ¡ 2 (1 - M)2 

\ 2 / - (D - Si - S2)(1-1 + f2) - 1112 

[ 161 

III. M - f,(D - Si - S2 + x1 - a), from Eq. 171, [17] 
fi(x1 - a) - axl 

M f2(x1+D-S1-S2)-a(x1-a+D-S1-S2), from 
[2x1 

[ 181 

Eq. [8]. By eliminating M between Eqs. [17] and [18], 

U- S1 - S2 = a- x 1+ 121(11 - a)x 1- f 1a] 
[ 19] 

(fi +1-2-a)x1 +fi(f2-a) 

IV. a = f 1[(1 - M)x1 +D-Si - S2], from Eq. 171. 
(1 -M)f1-.Mx1 

x1+D-S,-S2 a- 
2 

[20] 

¡x1+D-S1-S2l2 
+ \ 2 / f2[(1 - Anx, + D - S1 - S21, 

[211 

x, 
2(f 1M + 2A1 2) 

r(f1M[2í2(1 -M)-(D-S1-S2)]\2 
I \ 2U,M + f2M2) / 
11212(1 - M)2 + M(D - S, - S2)111/2 

[22] 
í1M 

J , 

Eqs. 1131, 1161, [191, and [22] may be solved explicitly for any of their 
variables. They are all subject to the replacement transformation process 
(Eq. [16] transforms into itself). All transformed equations may be solved 
explicitly for any of their variables. 

from Eq. [8]. By eliminating a between Eqs. [20] and [21], 

11M1212(1 - M) - (D - Si - S2)] 
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While the thirty equations of Table 1 comprise all the solutions for 
a single lens or system, no correspondingly simple tabulation of all the 
solutions for two separated lenses, or systems, is possible due to the large 
number of variables involved. Many such solutions have to be worked 
out as they are needed by using Table 1, Eqs. [4] through 1221, the re- 
placements of Table 3, and the clarifying rationale of the Gardner sign 
convention. 

8. An Inherent Property of Principal Points 

The two principal points of a lens or optical system have the inherent 
property that they are conjugate to each other, the magnification being 
+1. This property is easily demonstrated by noting (IV, 2) in Table 1, 

where 

Y (+x 
/x 

[23] 

from which y = 0, when x = 0. This means that when the object coin- 
cides with the first principal point, the image coincides with the second 
principal point. 

From (V, 2) and (y, 5) in Table 1, 

M= 
/+x 

M= -y t' 
[24] 

1251 

thus making it clear that in the case where either x = 0 or y = 0, M = 
+1. The relationships of Table 1 also show this property to be consistent 
with (I, 1) of the table, which states 

(/) - S) = -x + y, [26] 

whence (D - S) = 0 when x = y = 0, or when M = +1. 
The reader can easily calculate from Table 1 the values of x, y, and 

M when (I) - S) = 0; in particular by using (III, 9), (IV, 9), and (V, 9) 
of the table. The other relations in the table that are instructive in this 
respect are (III, 7), (III, 10), (IV, 4), (IV, 10), (V, 4), and (V, 7), some of 
which result in an indeterminacy' that it is instructive to resolve. In 
column II of Table 1, the indeterminacy of f when (U - S) = 0 is such 
a case. 
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9. The Principal Points of a System of Two Separated Lenses (or Sub - 
Systems) 

There is no problem in designing a two -lens system with its principal 
points in any desired location, and order, on the common axis. It is only 
necessary to set M = +1 in Eqs. 171 and [81, whence 

f t = 
-ax ip 

, (M = +1) and [271 Dp-S,-S2 
a(xip+I)p -S2)-a2 

!2= (M=+1) 1281 
1),, - Si - S2 

wherein the p -subscript is added to I) to identify it as the distance 
between the principal points H and H' of the system of Fig. 2. Similarly, 
.r i,., is the distance from 11, to H of Fig. 2, when M = +1. Every quantity 
on the right-hand side of both Eqs. 1271 and 1281 may be assigned an 
arbitrary value. Values that make f i = 0 or ¡2 = 0 must he avoided, since 
for photometric reasons no physical lens or optical system can have a 

"zero" focal length. Infinite values of xip and D involve inte-esting 
special cases that are not discussed here. 

If two lenses or systems with arbitrary focal lengths fi and 12, are 
coaxial with an optical separation a, it is useful to he able to calculate 
t he locat ions of the principal points of the overall system. By solving Eq. 
1161 for I), 

( 
1 -M)' -a2 - (t(2 

M 1)- +S,+S2. 
Ii +¡2-a 1291 

This equation gives the object -to -image distance 1) for any magnifica- 
tion M. In particular, if M = +1, 

_a 2 

I)P=S= +Si+S2,(M=+1) 
(i +¡2-a 1301 

which is the separation of the two principal points of the overall sys- 
tem, or the distance H - H' of Fig. 2. 

By solving Eq. 1131 for x1, 

xi - (iU2-M((2-a)1 
1311 

lti1(i +/2-n) ' 

which gives the object -distance x i for any magnification M. In the spe- 
cial case where M = +1, 
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X i , - Iia 
Ii+I2-a' 

which is the distance from H1 to H of Fig. 2. 

Eq. 1301 transforms into itself when the replacement transformation 
is applied to it, but Eq. [32] transforms into 

-I. 
-'a , (M = +1) [33] Yep fi + 12- a 

which is the distance H2' - H' in Fig. 2. The p -subscript is added to x 

in Eq. [32] and to y2 in Eq. [33] to denote that the terminal points of x1 

and y2 coincide, respectively, with the principal points H and H' of the 
overall system of Fig. 2. Eqs. ]32] and ]33] are developed in other ways 
in the literature.6,7 

[32] 

10. The Conjugate Displacement Theorem; a Further Extension of the 
Usefulness of the Simple Gaussian Lens Equations 

If two object -points on the axis of an optical system are separated by any 
arbitrary finite distance, this distance can he called a displacement Ax 
in the object -space. Similarly, if two image -points on the axis are sepa- 
rated by any arbitrary finite distance, the distance can he called a dis- 
placement Ay in the image -space. 

If the two image -points are not arbitrary, but happen to be the con- 
jugates of the two arbitrary object -points, a special relation between .Sx 

and _Sy is implied. In this case the finite displacement Ay is the conjugate 
of the finite displacement .1r. When the related displacements are being 
considered in their conjugate sense, they are designated respectively as 
-,.y and _Sex, to distinguish them from simple, arbitrary increments of 
some image -distance y and of some unrelated object -distance x. 

From (IV, 8) in Table 1, we may write 

Y = I(I - M), [34] 

y' = f(1 - M'), [35] 

from which 

y'-Y=I(M-M'). [36] 

Similarly, from (III, 8) in Table I we may write 

I(1 -M) x- , [37] 
M 

I(1 - M') 
M' 
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from which 

j(M -1119 x' -x= 

When Eq. [36] is divided by Eq. [39], 

Y/ y- MM' 
x' -x 

[39] 

[40] 

wherein the magnification M(=y/x) corresponds to the conjugate dis- 
tance pair (x, y), and magnification M'(=y'/x') corresponds to the 
conjugate distance pair (x',y'). The fixed focal length of the optical 
system has cancelled out, and the finite displacement y' -y in the 
image -space is the conjugate of the finite displacement x' - x in the 
object -space. Therefore we may rewrite Eq. [40] in the form 

ry = MM'_Srx. [41] 

Eq. ]41] is the conjugate displacement theorem for any fixed -focal - 
length optical system in air or vacuum. 

The conjugate displacement theorem has received no explicit state- 
ment, and therefore no discussion in the literature. The closest approach 
to a derivation of this theorem appears in Conrady,8 but the derivation 
is not completed. 

By substituting Eq. [36] into Eq. [40] and solving for /, 

f A1' - [42] 

By similarly substituting Eq. [39] into Eq. [40], the focal length be- 
comes 

M' -M [43] 

The derivation of the conjugate displacement theorem does not in- 
volve Gauss' theory of principal points, or the extended five -variable 
form of the simple Gaussian lens equations. The theorem is an indis- 
pensable adjunct to the equations for two separated lenses or systems, 
when developing the general Gaussian theory of relay optical systems. 
Taken by itself, the theorem can lead to quick answers to certain oth- 
erwise very knotty problems. 
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11. Conclusion 

The foregoing is a brief, introductory description of a useful extension 
of the simple Gaussian lens equations. This extension recasts the 
equations into a more general form that is directly applicable to problems 
for which they were not previously well suited. 

The new form of the equations, together with the indispensable 
Gardner sign convention, makes possible an analytical approach to 
problems t hat have not been easily amenable to Gaussian treatment in 
the past. 

The extension, as it applies to a single lens or single system of lenses, 
is complete. As it applies to two separated lenses or two separated lens 
systems (sub -systems), a principal relationship has been derived that 
can be further extended, as necessary, using general analytical meth- 
ods.* 

Details of such further extensions are developed, as required, in solving 
the problems given in the examples that follow. The forms that the ex- 
tensions take, depend both upon the problem and upon the ingenuity 
of the problem solver. in practice, they can take an endless variety of 
forms of which only a few are developed here. 

Where the problem is to develop or design a high-speed condenser, 
or illuminating system whose aberrations will not he corrected, the 
Gaussian equations are not useful.9 

12. Representative Applications 

A large number of different kinds of problems either involve two sepa- 
rated lenses, or can hest he solved in a preliminary way by employing two 
separated lenses (or sub -systems) on a common axis. The equations for 
such two -lens arrangements provide a firm basis for study and analysis 
of possible Gaussian solutions to many lens problems. 

Example 1: Setting Up Two Given Lenses to Produce an Optical System 
That Has a Predetermined D and M 

A common, and usually troublesome problem involves setting up two 
arbitrarily chosen lenses or systems to produce a specified magnification 

The methods of this paper apply just as well to systems of convex and concave mirrors, as to lenses. The Gaussian imagery of a mirror is not mathematically distinct from that of a lens. For Gaussian pur- poses, a mirror is represented by two principal points (coincident at the mirror vertex), and a focal length, just as in the case of a thin lens. A little care has to be taken in applying the Gardner sign convention, for the direction of the light is always the positive direction, both before and after reflection by the mirror. 
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M, when the object and the image must also he separated by a specified 
distance, D. Fig. 2 will serve to illustrate the discussion of this type of 

problem. The focal lengths and the principal point locations of the two 
lenses can be measured, or obtained from the manufacturer, but deter- 
mination of the locations of the lenses in the system, either by experi- 
ment or by calculation is ordinarily difficult. 

Table 4 -Solution for Example 1 for Specified Distance D = 11.5 Inches and 
Magnification M = ± .40 (I and II Represent Interchange of Ord.'r of 
Lenses) 

Al 

a 
(inches) 
Eq.l161 

Sign of 
x, Radical 

(inches) in 
Eq. 115] Eq. (16] 

I. (, = 1.277, S, = .049, 12 = .624, S, = -.407 (inches) 
+.40 9.377742 -1.761549 Pos. 
+.40 2.180258 -7.531290 Neg. 
-.40 9.992931 -1.232339 Pos. 
-.40 1.865069 -11.334812 Neg. 

II. 1, = .624, S, = -.407,1, = 1.277, S2 = .049 (inches) 
+.40 9.377742 -0.912520 Pos. 
+.40 2.480258 -4.735285 Neg. 
-.40 9.992931 -0.125933 Pos. 
-.40 1.865069 -45.229521 Neg. 

With the extended Gaussian equations at hand the difficulty is eased. 
First, the optical separation a of the two lenses is calculated using Eq. 

1161. Then the object -distance x1 for the first lens is calculated using 

either Eq. 1141 or Eq. 1151. The problem has either four real solutions or 

four complex solutions. The existence of four solutions stems from the 
general form of Eq. 1161 and from the fact that íts radicand is symmet- 
rical in the focal lengths (i and 12. This symmetry means that the order 
of the lenses in the system can he reversed without changing the distance 
between them, providing a new value of x1 is determined. A complex 

solution indicates that for the given or arbitrary values of the four in- 

dependent variables, the required optical system can have no physical 

existence, and the problem must be reformulated or abandoned. Reversal 

of the sign of M, if permitted by the conditions of the problem, increases 
the number of solutions to eight, and under certain circumstances may 

result in solutions being real instead of complex. 
Table 4 sets forth the solution of a problem of this type for D = 11.5 

inches and M = ±0.40. Values of a calculated from Eq. 1161 and x 1 cal - 
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culated from Eq. [ 15] are shown, with the last column indicating the sign 
of the radical in Eq. [ 16]. Given quantities of (i, Si, /2, and S2 are shown, 
depending on the order of the two lenses in the system. The table thus 
presen rs the full set of eight real solutions that are mathematically 
possible, from which the most suitable practical optical solution (or so- 
lutions) may he selected. 

Example 2: Designing a Zoom Projection Optical System That 
Comprises Two Separated Lenses 

The preliminary design of a zoom projection lens is readily carried out 
by assuming the projection distance U, the initial magnification M, the 
"zoomed" magnification Mz, the initial object -distance x r (for lens L1), 

Table 5-Solution of Example 2 Type Problem ("Zoom" Projection Lens) 

Given Calculated 

= -1.5 inches 
a = 9.0 inches 
M = -600 
MZ = -6002.5 
1) = 3,000 inches 
S, = .333 inch 
S, = .333 inch 

f,(Eq. 171)= 2.4463 inches 
f,(Eq. [ 81 = 12.8225 inches 
a,(Eq. 1161) = 5.3359 inches 

115 1) = -1.8471 inches 

an initial optical separation a for the two lenses, and the principal point 
separations Sr and S2, as shown in Fig. 2. The focal lengths of the two 
lenses Li and L2i can be calculated immediately from Eqs. [7] and [8]. 
By then using Mz (instead of M) in Eq. [16], the zoomed optical sepa- 
ration az is calculated for the two lenses. Then, when az and Mz (instead 
of a and M) are used in either Eq. [14] or [15], the "zoomed" object - 
distance x iz (for lens L1) is calculated. The problem can be changed, if 
desired, by making 1) also variable, while keeping M either fixed or 
variable, without changing the basic solution procedure. The most 
cumbersome part of the work may be the search for a suitable set of 
initial values of x 1 and a, and a number of preliminary Gaussian designs 
may have to he worked through to find it. 

Table 5 presents the solution of a problem of the type just discussed. 
The given and calculated values in 'Table 5 correspond roughly to the 
zoom projection lens used in New York's Radio City Music hall when 
it opened in the early 1930's. 
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Example 3: Designing an Afocal Separated Two -Lens Optical System 
for Adjusting Focus at Fixed Magnification 

From Fig. 2 and Table 1 we may write 

M- 
F + X. 

Also, it has been shown that 

[441 

/1/2 M- 
(f1 +f2-a)x1 +11(12-a). 

By differentiating Eqs. [441 and 113] and then setting 

dM_dM 
dX dx, 

it can be shown, upon making suitable substitutions from Table 1, etc., 
that 

í1f2 

f1+f2-a 
[451 

(Eq. [45] is a well known equation in textbooks. 1,2,6,7) By Eq. [451, F is 

clearly infinite, or the system afocal, when 

f1 + f2 = a, [461 

and when a is eliminated between Eqs. [46] and [13] 

f2 
MA = - (F = infinite) [471 

1 

Thus, a system with an infinite focal length has a finite or absolute 
magnification MA, that is independent of object -distance x 1. 

The distance D between object and image, however, is shown by 

eliminating a between Eqs. [46] and [19] (and also noting Eq. [47]), to 
be 

D = - 1)x, - (MA - 1)(f, + 12) + S1 + S2. (F = infinite) 
[48] 

From Eq. [48], by differentiating, 

dD .5D 

dx 11 

= (M2A - 1) = constant = , [491 

RCA Review Vol. 37 December 1976 455 



or 

MA=±_ /+1. 
By eliminating /2 between Eqs. (46] and [47], 

a 

- MA' 

and by similarly eliminating /I, 

-aMA 
/2 

1 - [52] 

In Fig. 3, a lens L)) projects an image to Io. It is desired to follow Lo 
with a two -lens optical system L) - L2 that can be shifted along axis c -c 
to adjust the focal position of the image without the adjustment changing 

1501 

LIGHT DIRECTI`)N 

ALWAYS POSITIVE _ y2 

Fig. 3-Schematic diagram for afocal two -lens system to adjust focus at fixed magnification 
(example 3). 

. 
I 

LO 

. 
LI \ L2 

1 ! \ ----- 
l iIi-x -tmT _x 

x C 
OeJiúñAAÉJJ 

i) 

Si f a --{S2 f- FD-r.1 

the image dimensions. Eqs. 1501, 1511, and [52[ enable such a design to 
he accomplished. 

By letting .51)/Jx) he sufficiently small (but not zero), say equal to 
0.04, Eq. [50] gives us 

MA = 1.019804. 

By letting a = 0.50 inch, Eq. 1511 gives us 

/) _ -25.247548 inches, 

and Eq. 1521 gives us 

12 = 25.747548 inches. 

The values of /I, /2, and a satisfy Eq. (46[. 
In order to set the focusing lens system, L) - L2, for a required initial 

value of y2, it is sufficient to determine the corresponding value of D, 
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then solve Eq. [481 for xi and calculate the corresponding initial value 
ofxl. 

From Eq. 1481, by the replacements of Table 3 and suitable rear- 
rangement, 

M., _ (AM ¡ - 1) (MA - 1) 
y2 + 

M 
(j, + (2) + S1 + S2. IF = 

A rl 

infinite) 1531 

If the arbitrary value of y2 is one inch, and S1 = S2 = 0.125 inch, then 
Eq. 1531 gives us 

O(initial) = 0.298171 inch. 

From Eq. 1481, by solving for A 1, 

I) + (MA - 1)(/l + /2) -S 1 - S2 
xi - -1 

which then gives us 

x1 (initial) = 1.451829,inches. 

1541 

Thus, by using a straightforward and systematic Gaussian proce- 
dure, a compact afocal system has been designed that shifts focus without 
changing the image size, merely by moving the afocal combination 
toward or away from the image. The lens movement is greater than the 
focus change by the factor of twenty-five, which is reasonable. 

Example 4: Designing a Separated Two -Lens Telephoto Optical System 

The first -order dimensioning of a telephoto system that comprises two 
separated lenses Li and L2 is shown schematically in Fig. 4. The problem 
of the telephoto system is typically to make the ratio of the distance 
between the anterior vertex and the posterior principal focal point to 
the system focal length F less than unity. This ratio can he called the 
telephoto "effect" ET,11 which is given an arbitrary value and kept 
constant for design purposes. Upon assuming the object to he at infinity, 
then from Fig. 4, and the definition of ET we may write 

y2+n+2S + S2 ET. - - constant < 1, 1551 

or 
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VERTEX 
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52 Y2 

xR 

POSTERIOR 
PRINCIPAL 
FOCAL 
POINT 

Fig. 4-Schematic diagram for a separated two -lens telephoto optical system (example 
4). 

Y2 + a = FET - 2S1 - S2 = constant. 

The focal length of L1 is (see Appendix 1 for derivation) 

Fa 
fIT-F(1 - ET) +2S1+S2+a' 

and the focal length of L2 is (see Appendix 1 for derivation) 
a2-a (PET -2S1-S2)1581 T- 

F(1 - ET) +2S1+S2 
By assigning a constant value to each quantity on the right side of Eq. 
1561, the values of y2, f IT, and f2T can he calculated for arbitrary values 
of the independent variable a. Table 6 gives calculated values for a 
typical set of assigned values (F = 10 inches, ET = 0.5, and S1 = S2 = 
0.125 inch). 

(Note: For photometric reasons, no physical lens or optical system can 
have a "zero" focal length.) 

1561 

1571 

Table 6-Calculated Values for Separated TwoLens Telephoto Optical 
System (Example 4). Given Values: F = 10 inches, ET = 0.5, and 
2S, + Ss = 0.375 inches. Calculated Values in Inches (See Fig. 4 
and Eqs. [561, 1571, and [58)). 

a Y, fiT IT 

4.625 Zero 4.625 Zero 
3.625 1 4.028 -.674 
2.625 2 3.281 -.977 
1.625 3 2.321 -.907 
0.625 4 1.042 -.465 
Zero 4.625 Zero Zero 
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'Example 5: Designing a Separated Two -Lens Inverse Telephoto Optical 
System 

The first -order dimensioning of an inverse telephoto, or retrofocus 
system that comprises two separated lenses L1 and L2, is shown sche- 
matically in Fig. 5. The problem of the inverse telephoto system is typ- 
ically to make the ratio of the system focal length F to the distance be- 
tween the posterior vertex and the posterior principal focal point less 
than unity. This ratio can he called the (inverse) telephoto "power" Ph 10 

C 

' fl 

F 

LIGHT DIRECTION 

Li ALWAYS POSITIVE 

1 +-x x -4- 
' 

sl 

L2 

f2 

POSTERIOR 
VERTEX 
OF SYSTEM 

-4- x- -C 
N2 H2 f PRINCIPAL 

I FOCAL PLANE 

/ (POSTERIOR) 

-I» 

52 

DISTANCE BETWEEN POSTERIOR 
VERTEX AND POSTERIOR PRINCIPAL 
FOCAL PLANE F/PI (APPROX.) 

11. 

Fig. 5-Schematic diagram for a separated two -lens inverse telephoto optical system (ex- 

ample 5). 

which is given an arbitrary value and kept constant for design purposes. 
Upon assuming the object to be at infinity, then from Fig. 5, and the 
definition of Pi we may write 

PI = F - constant < 1, 1591 

Y2 - S2 

or 

Y2 = P + S2 = constant. 1601 

The focal length of L1 is (see Appendix 2 for derivation) 

P/Fa 
f t i - - 1) -S2PI' [611 
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and the focal length of L2 is (see Appendix 2 for derivation) 

-a (F + S2P1) 
1- 2/ - F(P/ - 1) - S2P1 - aP/. 

1621 

By assigning a constant value to each quantity on the right side of Eq. 
1601, the value of y2 is determined and the values of f 11 and /21 can he 
calculated for arbitrary values of the independent variable a. Table 7 
presents calculated values for a typical set of assigned values. 

(Note: For photometric reasons, no physical lens or optical system can 
have a "zero" focal length.) 

Table 7 --Calculated Values for Separated Two -Lens Inverse Telephoto 
Optical System (Example 5). Given Values: F = 10 inches, P/ = 
0.5, S = 0.125 inches. Calculated Values in Inches (See Fig. 5 and 
Eqs. 1 601, 161 1, and 1621). 

a y2 f,/ 12/ 

Zero 15.1175 Zero Zero 
1 15.1175 -0.988 1.809 
2 15.1175 -1.975 3.320 
3 15.1175 -2.963 4.600 
4 15.1175 -3.951 5.699 
5 15.1175 -4.938 6.653 

Example 6: The Principal Points of a System of Two Separated Lenses 
(or Systems), That Has a Specified Overall Focal Length F 

Definite design problems arise when a system of two separated lenses 
is required to have not only specified principal point locations but also 
a specified overall focal length F. The problem is considered here because 
it offers an excellent opportunity to demonstrate a typical analytical 
application of the extended Gaussian equations. It will, furthermore, 
he useful in working out Example 7. Fig. 2 applies to the following. 

By eliminating 12 between Eqs. 1131 and 1451, and solving for f 1, 

a(Mxl - F) fl-M(xl-a)+(M- 1)F 63 

and by similarly eliminating f l and solving for f2, 

aFM 
1641 f2 Mx1+(M- 1)F 

When M = +l in Eqs. 1631 and 1641, 

a(xlp - F) fl- , 1651 X tp - a 
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aF 
12 = -. [66] 

x1P 

The p -subscript is added to x1 to denote that the terminal point of x1 
coincides with the first principal point H of the overall system (see Sec. 
8 and Sec. 9). 

By making a suitable substitution from Eq. [451 into Eq. [30] 

!)P - -a 2F+ 
Si + S2, (M = +l) [67] 

ff2 
from which 

-a 2F 
12- f1(!)p-S1-S2) 

On eliminating f2 between Eqs. [661 and 1681, and solving for f 

-ax 1p 

fi-Up-S1-S2 
The following substitutions are now made in Eqs. [68] and 1691: 

1681 

[691 

x1f, = pF, [70] 

a = gF, 171] 

(Up - Si - S2) = rF, 1721 

as a result of which, 

f1 - -pqF 

yF 
12 - . 

p 

1731 

1741 

When Eqs. 1711, 1731, and 1741 are substituted into Eq. [451 for F, F 
cancels out and leaves the following relation between p, y and r, 

(p- 1) 
q = p + r 175] 

p 

Eq. 1751 is completely independent of F, and it furthermore expresses 
y as a linear function of r when p has any constant value. This function 
is plotted in Fig. 6 for each of eighteen different, arbitrary numerical 
values of p. 

In order to make practical application of Fig. 6, we first note that 
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p=xlp/F, 1761 

y = a/F, 1771 

r = (D - S1 - S2)/F. [781 

Suppose, that for the purpose of an arbitrary example we assume 

Si = S2 = +0.20 inch 

F = +6.0 inches 

np = +3.0 inches 

+.4 +.2 +.i o - i -2 
-p=x,p=F 

- -- ` , -----,..444 ,...40,7_,1 

I 
r=ID S -S l p- 2 -F , -i 0- -- 

pp) // 
lira , libil,,- //,, i 

Fig. 6-Plot of design functions for example 6 (see Eq. [75)). 

- 20 

-3.0 

-4.0 

and study the practical aspects of determining suitable values of x 1p, a, 
fi, and 12. From Eq. 1781 

3-0.2-0.2 
0.433. 

6 

It is likely that it will be necessary for a to have positive values, from 
which Fig. 6 shows, that since F is positive, p cannot be algebraically less 
than about -0.9. Suppose we choose p = -0.6. Then, from Fig. 6, 

y=a/F=+.55, and 

a = .55F = +3.30 inches. 

At the same time, by Eq. 1761, 

462 RCA Review Vol. 37 December 1976 



GAUSSIAN LENS EQUATIONS 

p=xipIF= -.6, and 

x11, = -.6F = -3.60 inches. 

The corresponding values of fi and f2, are, from Eq. [73], 

-(-.6)(.55)(6) 
fi = 

.433 - +4.573 inches 

and from Eq. [74] 

.55(6) 
/2 = 

-.6 
- -5.500 inches 

Suppose we modify the solution to keep a small, by choosing p = 
-.85. Then, from Eq. [75] 

q = -.85 + .433 
-.85 - 1- - +.0924, 

and a = qF = +.554, which is a reasonably small value. The corre- 
sponding values of fi and f2 are then, from Eq. 173] 

-(-.85)(.0924)(6) 
fi 

.433 - 1.088 inches 

and from Eq. [74] 

.0924(6) 
f2 = - -.652 inches 

-.85 

from Eq. 1701 

X ip = pF = -.85(6) = -5.100 inches. 

The two calculated sets of values of 11,12, and a are readily checked by 
calculating F, using Eq. [45]. 

From the foregoing, it is obvious that a gamut of solutions exists, that 
are readily investigated with the help of Fig. 6 and Eqs. [70] through [78]. 
In the arbitrary examples studied here, both principal points are located 
anteriorly to the first principal point H of the anterior lens. For some 
other set of Dp, S 1, S2, F, and allowable values of p, the behavior of the 
locations of the principal points of the system may be quite different. 
The manner in which the separation of the two lenses is controlled is 
clearly indicated by the present examples. 
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Example 7: Designing an Optical System to Image Two Axial Object - 
Points at Different Distances from The System 

A system is to be designed to produce images of two object -points that 
are separated 2.0 inches along the system axis. One of the images is to 
be upright, the other inverted. The numerical magnification of one image 
is to he 0.40, and of the other 5.0. The choice of which image is inverted 
is arbitrary. The distance from either of the objects to either of the im- 
ages is not to exceed +10 inches. No minimum distance, whether positive 
or negative, is specified. 

C- 

1 
4-Q . . x' -- 
ÓJECT_ o08JECT 

H 

--- Y 
(OR Y') 

OPTICAL 
"BLACK BOX" A IMAGE -x - -X 

H' I(OR I') 
M(ORM') 

LIGHT DIRECTION 
ALWAYS POSITIVE 

SPECIFIED MAXIMUM 

Y(ORY) 

1! 

B IMAGE 
C 

(OR I) 
M'(OR M) 

Fig. 7-Schematic diagram for judging "designability" of a proposed system with two object 
distances (example 7). 

No explicit discussion of this type of optical system is to be found in 
optical hooks and publications, and reliance would ordinarily have to 
be placed on vague interpretations of whatever textbook information 
appears to relate to the problem. 

In Fig. 7 the two objects are at 0 and 0'. One image is at A, and the other 
at B. On the basis of "reasonable," or "semi-eaucated" judgments it is 
assumed that 0 is imaged at A, the magnification being M = ±.40, while 
0' is imaged at B, with magnification M' = 5.0. The estimated distance 
from A to B is +10.58 inches. Thus we have as a proposed or submitted 
basis for the required optical "black -box" design: 
Required: 

X' -X = 2.0 inches = .Scx = Object -space Displacement 

M = ±.40 

M' = X5.0 

Proposed: 

Y' -Y = 10.580 inches = = Image -space Displacement 

The problem is to design the optical "hrack-box." 
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We can easily answer the question of the possibility of such a design 
by consulting the conjugate displacement theorem, in the form of F,q. 
1411, 

Acy = [41 J 

which immediately gives us 

.Sry = ±.40(3=5.0)(2) = -4.0 ( +10.580 inches) 

'I'hus the proposed "black -box" design is optically impossible, unless 
the value of Y' -Y is changed from .S.y = +10.580 inches, to _\ y = -4.0 
inches. In this particular case, 0 must be imaged at B, and 0' must be 
imaged at A, or the order of the image -points along the axis must be the 
reverse of the original assumption. 

In the following discussion of the design of the separated two -lens 
system, Fig. 2 should also he consulted. 

The focal length of the proposed optical black -box will be, by Eq. 1421 
or 1431, respectively, 

-(±.40)(=5.0)(2) 
= - x.740741 inch, 

3=5.0 - (±.40) 

or 

= -(-4.0) - T.740741 inch, 
3=5.0 - (±.40) 

It is clear from the calculated values of F, that its algebraic sign de- 
pends on the choice of signs of the two magnifications. The value of 1, y 
is independent of such choice. 

By (I, 8) in Table 1, we may write 

S=U+F(1 -M)2 1791 

where I) = +10 inches, F = T.740741 inch, and M = ±.40. By making 
these substitutions into Eq. 179J, 

-.740741(1 - .4)2 
= 10 + 

4 
- +9.333 inches, 

or 

740741(1 + .4)2 
Sthl=_,i1 = 10 + 

-.4 
- +6.370 inches. 

We will let M = -.40 to make X large and negative, for by (III, 8) of 
'I'able 1 
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X= F(1 - M) 

M 

and by making the indicated substitutions into Eq. 1801, 

.740741(1 + .4) 
X - - -2.593 inches. -.4 

As a current check, X' = -.593 and, by (V, 2) in Table 1, 

M' - F 

or 

F + X' 

.740741 M' = - +5.014 
.740741 - .593 

[801 

1811 

which is a good rough check. 
The foregoing is preliminary to the determination of f 1 and [2, which 

is the central purpose of the design work. These two focal lengths cannot 
be determined by merely making substitutions into Eqs. [71 and 181, 
because a specified focal length F = +.740'741 inch is required for the 
two -lens system. Nor can they he determined by a simple substitution 
into Eqs. 1631 and 1641, because a specified separation, D = S = +6.370 
inches, of the principal points of the overall system is required. It is 
therefore proposed to proceed as in Example 6, where the work of de- 
termining f i and /2 is based on the required system focal length F, the 
required separation I)p of the principal points, the assumed or arbitrary 
location of the first principal point H (of the overall system) as repre- 
sented by p, and of course the Si and S2 of the two lenses. 

We start with 

1. Si =S2=+.1 
2. F = +.740741 inch 

3. D = S = +6.370 inches 

As in Example 6, Eq. [781 gives 

6.370-.1-.1 
r = - 8.329497. 

.740741 

Such values of r do not appear on the graph of Fig. 6, but since y (=1) 
is constant and independent of r when p = +1, we will assume a trial 
value of p = +1. As a result, from Eqs. 1711 and [701, respectively, 
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a = (IF = F = +.740741 inch, 

x ip = pF = F = +.740741 inch. 

Finally, from Eqs. 1731 and [741, respectively, 

-pqF -.740741 
fi 

= r 8.329497 - -.088930 inch 

y F' 
12 = -= +.740741 inch. 

p 

The solut ion gamut is easily expanded into Table 8 by means of sim- 
ple calculations based on Eqs. 1701 through 1761. The restricted range 
of Fig. 6 does not limit this expansion. Arbitrary values are assumed for 

Table 8 -Optical System to Image Two Axial Object Points at Different 
Distances from the System (Example 7) (By Eqs. 1421 or 1431, 
F= 0.740741 Inch; and By Eq. 1781, r = 8.329497). 

F 
4 a I, f, (check) 

(assumed) Eq. (70) Eq. (75) Eq. (71) Eq. (73) Eq. (74) Eq. (45) 

+1.0 .740741 1.000000 .740741 -.088930 .740741 .740741 
1.1 .814815 1.857227 1.375721 -.181679 1.250658 .740741 
1.2 .888888 2.588250 1.917223 -.276207 1.597685 .740741 
1.3 .962963 3.222192 2.386809 -.372514 1.836007 .710741 

p, and the other quantities in the table are calculated from the equations 
whose numbers appear at the heads of the corresponding columns. 

The intent here has been to illustrate the nature of an application of 
the extended simple Gaussian lens theory, by means of the study of a 

completely arbitrary problem. This intent has been accomplished. even 
though the choice of the problem may have led to sets of values of a, 
and /2 that may not have the reassuring appearance of a practical optical 
system. It appears, on comparing the values of x11, with the value of X', 
that 0' of Fig. 7 is almost sure to he a virtual object -point. For U (check) 
calculations, use Eq. 1291. 

It would he highly instructive to investigate the gamut of solutions 
that would result from adopting the rejected alternative set of conditions, 
namely: 

M=+.40 
F = -.740741 inch 

= S = 9.333 inch. 
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Example 8: Changing the Length and/or the Magnification of an Existing 
Optical System by Adding Two Separated Lenses 

In Fig. 8(a). a lens Lt, produces an image at I. The object at 0 is 6.5 

inches from Io. It is desired to increase the length of the opt ical system 

wit hout changing the magnification at which Lo functions, while at the 
same time increasing the (transverse) linear dimensions of the image. 

In Fig. 8(b), the distance from 0 to the new and larger image at I is to 
be 8.5 inches and the new image height is to be 15% greater than origi- 

C 

6.5" 

LIGHT DIRECTION 

ALWAYS POSITIVE 

co II ! x x I 

1OBJECT 

INTERMEDIATE H H 
IMAGE `f J 

0 

Lo 
)0 

x C 

IMAGE 

(b) 

6.5" 

7 
.L2 .L2 , 

x x' 
H2 H2 

L2-- -, 

A 

Lo 
I 10 

X C 

FINAL 
IMAGE 

Fig. 8-Schematic diagram showing the effect of changing the length and/or the magnifi- 
cation of an existing optical system by adding two separated lenses (example 
8). 

nally. The distance A from Lo to h) is to remain the same as Lo to Io. This 
keeps the magnification of Lo unchanged. 

The requirement will be met by placing two separated simple lenses 

L, and I,, in the space between 0 and Lo to form an intermediate image 

at I, and determining their focal lengths such that /) = +2 inches and 
N/ = +1.15. The locations and principal point separations of the lenses 

are assigned arbitrarily within the limits set by the available space and 

the following values are chosen: 

xl = -3.25 inches (arbitrary) 

a = +3.25 inches (arbitrary) 

SI = S2 = 0.125 inches (arbitrary) 

I) = +2 inches (required) 

M = +1.15 (required) 
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By Eq. 171, 

-Mx la 
f`-(1 -M)(xl-a)+!)-SI-S2' 

-1.15(3.25)(-3.25) 
fl =(1- 1.15)(-3.'15-3.25)+2-0.1'15-0.125' 

ít = +4.457569 inches. 

By Eq. 181, 

f2 (1 -M)x1+D-S1-S2' 
3.25(-3.25+2-0.125-0.125-3.25) 

12 
(1 - 1.15)(-3.25) + 2 - 0.125 - 0.125 

12 = -6.899441 inches. 

Substitutions into Eqs. 1131 and 1291 provide a good check, since the 
assigned value of M = +1.15 and !) _ +2.00 inches should result. 

Ordinarily, where arbitrary choices of some of the parameters of a 
problem may be made, several solutions should he worked out in order 
to obtain the best or most suitable one. 

The solution of a closely similar problem appears in the specification 
of United States Patent No. 2,496,069.* This is mentioned because it 
presents an opportunity to examine a procedure that was followed in 
solving the problem in 1948, before the extended Gaussian equations 
were available. Comparison of the complexities of the two approaches 
serves to indicate what has been accomplished. 

171 

Appendix 1 

a(x,+n-S1-S2-a) 
181 

From Example 4 and Fig. 4, the telephoto "effect" is defined as 

y2 + a + 2S1 + S2 
an - constant < 1 - 

F 
(Eq. [551). 1821 I 

From Fig. 2, by inspection, 

X=x1-HIH,and 
1' = y2 - H:,H'. 

L. T. Sachtleben, "Variable Length Optical System Without Change of Magnification." 

1831 

1841 
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In Eqs. 1321 and [33], respectively, 

H,H (= ri1,) - fia 
fi +f2-a' 

-12a H,H'(=y2,,)_ 
a - 

Therefore, from Eqs. 183] and 185] 

x fin 
= x1 - fi+j.,-a' 

and from Eqs. [841 and 186] 

fi+f.,-a 

185] 

1861 

1871 

1881 

Since, by Eq. 1451 

/112 F- 1891 

fi +f.'-a' 
Eq. [88] may be restated as 

Fa Y=y,+ [901 

When the object is at infinity (X = m), we may write from (IV, 2) in 

Table 1, 

FX Y- F 
F+X F -+ 1 

X 

Therefore, from Eqs. 190] and 191 ] 

y>+a=F;(X=co) 

Solving Eq. 192] for ji gives 

Fa 
fi = 

and solving Eq. 1891 for /2 gives 

(fi - a)F 
/2 

1911 

193] 

194 ] 
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Substituting the value of (i from Eq. 1931 into Eq. 1941 gives 

aye /2-a+y,-F' 
Eliminating y2 between Eqs. [821 and 1931, and solving for f , gives 

1.1= -F'(1 -ET)+ 2S1+ S2+ a' 
which is the Eq. 1571 that is used in Example 4. Similarly, by eliminat- 
ing y2 between Eqs. [82] and [95] and solving for (2, 

a 2 - a(FET - 2S1 - S2) 

Fa 

195] 

Í2=(2'f= - ET) + 2S1 + 

which is the Eq. [581 that is used in Example 4. 

Appendix 2 

1961 

1971 

From Example 5 and Fig. 5, the (inverse) telephoto "power" is defined 
as 

= 
F - constant < 1 (Eq. [591) [98[ 

y2 - S2 

F 
Y2 -.?_ . [99] 

On rewriting Eq. 1931 in the form 

Fa 
ll =(ii - Imo! F-(y2-S2)-S2, 

and substituting the value of (y2 - S2) from Eq. [991, 

- [101[ iF(l',- 1)-S2P1' 
which is the Eq. 1611 that is used in Example 5. On continuing in a sim- 
ilar manner by rewriting Eq. 1951 as 

ay, 
f2 = f2i _ 110`22[ a+(y2-S2)-F+S2' 

and substituting the value of (y2 - S2) from Eq. [991, 

-ay2/'I [ 1031 ºr-F(P/ - 1) - (a + S2)P1 
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I21 = - 1) - S2!'1 - 
which is the Eq. 1621 that is used in Example 5. 
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Surface and Bulk Electrical Conduction in Low - 
Deposition -Temperature Si3N4 and A1203 Films for 
Silicon Devices 

Robert B. Comizzoli 

RCA Laboratories, Princeton, N.J. 08540 

Abstract-Surface and bulk conduction of A1203 and Si3N4 films produced by low -temper- 
ature processes (<450°C) were measured. These properties of the deposited 
layers were compared with those of chemical vapor deposited Si02 and phos- 
phosilicate glass of the type commonly used for integrated -circuit passivaiion. 
The performance and reliability implications of the electrical properties, partic úlarly 
in the presence of water, are discussed, and the need for further evaluation is 

pointed out. 

Introduction 

The overcoating of metallized integrated circuits (ICs) with insulating, 
protective layers is important for device reliability.' A widely used 
technique is the chemical vapor deposition (CVD) of Si02, often with 
phosphorus doping to form a phosphosilicate glass (PSG), over alumi- 
num metallized IC's.2 These layers provide scratch protection for the 
interconnects,; insulation protection against loose conducting particles 
in cavity packages,`' and, when doped with phosphorus, sodium gettering 
capability.5The phosphorus addition also lowers intrinsic stress over 
aluminum metal.2.5,6 

Various properties of CVD PSG layers such as stress, phosphorus 
content, and layer integrity' affect the performance of the layer as a 

protective overcoating. Bulk and surface electrical properties of Si02 
and PSG films have been measured and related to device leakage,8 lateral 
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charge spreading,9 deleterious elect rolytic processes,8,1° 12 and moisture 
effects.8 1'.13 Also, gold dendritic growth to produce resistive shorts has 

been related to poor edge coverage by deposited SiO2.14.15 

Alternative passivation overcoating materials are at present under 

evaluation in a number of organizations. The principal ones are low - 

deposition -temperature Si:1N4 and Al2O:1. Reported advantages of the 

Si:,N4 include alkali harrier properties and good adhesion to gold, but 
it should be pointed out that PSG can also be used with gold metalliza- 
tion.' 

The properties of Si:1N., and AI2O:, films deposited at high temperature 
(>800°C) are very good, including high resistivity and effective sodium 
ion blocking capability,'7-22 and it is hoped that similar characteristics 
will exist in low -temperature films. For deposition over aluminum the 

deposition temperature should be no higher than about 450°C, while 
for gold metallization it should be limited to about 350°C. Thus, possible 

passivat ion layers include glow -discharge -formed films of Si3N1i_3-29 

reactivity -sputtered Si:,N4,30 and CVD Al2O3.31-34 Films prepared by 

these types of processes have been evaluated in a preliminary way in this 

paper. 
A large amount of data exists on capacitance -voltage (CV) and bias - 

temperature (BT) properties of these films,23-26.31-34 but relatively little 
information exists on hulk conductivity, particularly for the glow -dis- 
charge -deposited Si:1N4. Also, we are unable to find any data on the 
surface resistivity in the presence of water, which is of extreme impor- 
tance for reliability of plastic -packaged lC's.s.'o 11 

In this paper, a preliminary examination of bulk and surface electrical 
properties of several types of low -temperature Si:,N, and AI,O3 films 
is reported. Our objective is to highlight any potential problem relating 
to performance or reliability and define those areas needing further 
study. 

Materials and Procedure 

Si3N4 and Al2O3 films from various sources, produced in developmental 

reactors, were evaluated. Film thicknesses ranged from 0.1 to about 1 

µm. Si3N.,* was deposited by glow discharge using both SiH4-N2 and 

SiH -NH:1 reactions, and by reactive sputtering of Si in N2 ambient. 
AI,03 films were formed by CVI) at low (.400°C) and at high (.850°C) 
temperatures. the latter for comparison purposes. The low -temperature 

The stoichiometric formula is used even though for glow discharge formed silicone nitride the Si:Ni 

atomic ratio can vary from 0.6 to 1.5 depending on deposition conditions. 
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AI,0:; was formed by reaction of Al-isopropoxide in N2, while the high - 
temperature A1,03 was formed by reaction of A1,C16 with CO2 and H9 

at 850°C. 
The films were deposited on degenerately doped n -type silicon (0.01 

ohm -cm) for conduction measurements. An interdigitated aluminum 
electrode pattern (formed by photolithography) was used for both bulk 
and surface conduction measurements, as previously described.8 Bulk 
conduction through the film was measured using one of the surface in- 

terdigitated electrodes and the substrate as electrodes in a well -shielded 
probe station in dry N2 ambient.8 Surface measurements were done at 
23°C as a function of relative humidity using the two surface electrodes.8 
For comparison purposes, the current levels at 1 minute after voltage 
application were selected for analysis. For both hulk and surface current 
measurements, a voltage of 100 V was applied. CV -BT measurements 
were done in a shielded probe station in dry argon at 1 MHz. The BT 
treatment always consisted of heating for 5 minutes at 220°C (with a 3 

minute warm-up period); bias was 10 to 20 V depending on the sam- 
ple. 

Some samples were exposed to steam at 121°C. 15 psig in an autoclave 
to examine bulk moisture effects. These samples were dried for 5 minutes 
in dry N. to remove surface water, and the bulk conduction was imme- 
diately measured. 

Results 

Bulk Conduction-For all samples, initial measurements showed that 
the current increased superlinearly with voltage above a certain voltage 
threshold, as expected.'';' For comparison purposes and to estimate 
leakage and other reliability effects on IC's, we ignore this current de- 
pendence on field and calculate a bulk conductivity from the current 
levels at 100 \' at 23°C. These may be considered order -of -magnitude 
estimates useful for performance and reliability calculations. The results 
are shown in Table I, where we have also included room -temperature 
measurements of bulk conduction after autoclave exposure. Data for 
PSG films8 are also included for comparison purposes. In some cases 
there were large variations depending on deposition conditions; these 
are shown in the table as a range of values. 

Measurements of hulk conduction at 100°C indicated that Si3N4 

samples had thermal activation energies in the range 0.4 to 0.7 eV, and 
Al203 samples had about 0.5 eV activation energy. Previous data show 
CVI) SiO, and PSG to have activation energies of 0.6 and 0.8 eV, re- 
spectively, before autoclave exposure.8 
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Table I-Room-Temperature (23°C) Bulk Conductivity (at Fields --106 
V/cm) 

Bulk Conduc- 
Bulk Con- tivity after 5 
ductivity hours autoclave 

Material Deposition Process (ohm -cm)-' (ohm -cm)-' 

Si,N, Glow Discharge 1 x 10 -IS 0.5 x 10-'S 
Sill, + NH 
Substrate ' - 300° C 

Si,N, Glow Discharge 1 x 10-6 to No change 
Sill, + N, 6 x 10-16 
Substrate T - 300°C 

Si,N, React. Sputtering 1 X 10-14 to - 
7x 10-16 

A1,0, CVD, Al-isopropoxide 1 x 10-'6 5 x 10-" 
at -150 C 

A1,0, CVD, :ICI, + CO, + H, 2 x 10-16 - 
at 850 C 

SiO, CVD, SiH + 0, 3 x 10-16 2 x 10-14 
at 450°C 

I'SG CVD, SiH4+0,+1'11, 1.5 X 10-" 7X 10-14 
(5 wt % I') at 450°C 

Surface Conduction-The surface conduction increases with relative 
humidity above about 30% RH. A1903 has a surface resistance compa- 
rable to that of CVI) PSG, while that of Si;1N4 is lower. Table 2 shows 
values at RH = 60%, 23°C. For the Si3N4 films, it was found that the 
surface resistance depended more on material type and less on deposition 
process than did the hulk resistance, which showed large variations de- 
pending on the deposition process. 'Thermal Si02 has a surface resistance 
about equal to that of CVI) Si02 at room temperature, 60% RH.1) 
Capacitance-Voltage, bias-Temperature, and Na Diffusion 7'ests- 
The general approach here has been to deposit the film of interest (A1,0;1 
or Si;1Nt) over 1000 thick, clean thermal Si02 and measure CV -FIT 
characteristics, using evaporated aluminum as the capacitor electrode 
over the Al,0:1 or Si:1N4. Then, the sample is wet with an NaHCO3 so - 

Table 2-Surface Resistance at 60% RI -I 

Surface 
Resistance 

Material Deposition Process (ohms/square) 

Si ,N, 
Si N, 
A1,0, 
Si() 
PS(, (5 wt % I') 

Glow Discharge 
React. Sputtering 
High and Low Temp. CVI) 
CVD, SiH, + 0, at 450°C 
CVD. SiH + 0, + 1'H, at 4.50°C 

1 x 10" 
2 > 10' 4 

2 x 10's 
2 x 1014 
6X 1015 
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lotion, air dried, and baked for about 4 hours at 400°C. Then, CV- HT 

measurements are again made. 
For the thermal oxide without overcoating, the initial flat -hand voltage 

was about -0.2 V, and the shill in flat -band voltage after the BT treat- 
ment was about -0.8 V. After the exposure to NaHCO3 and 430°C hake, 

the flat -band voltage was about -10 V, and the BT treatment induced 
a shift greater than about -50 V. (The flat -band voltage was not mea- 

surable since it exceeded the oxide breakdown voltage.) 
When the same measurements were done on a sample with 1000 A of 

A1,03 over the Si09, the initial flat -band voltage was about +0.2 V and 
the shill after B'I' treatment was -1.0 V. After the NaHCO:; treatment, 
the initial flat -band voltage was unchanged at +0.2 V, but the shift after 
B'1' treatment was about -20 V. 

Similar measurements were attempted with glow -discharge Si3N4 

layers over thermal Si02. 'There were large hysteresis effects in the CV 

curves consistent with electron trapping at the SiO. -Si;;N, inter face. 

Initial flat band was about -4 V. The flat -band shift due to WI' treat- 
ment was at least -15 V: At a voltage of -20 V on the aluminum contact, 
there was a sudden approximate doubling of the capacitance, after which 

the flat -hand voltage shifted to positive values. Sodium diffusion ex- 

periments were not done because of the large shifts found without. in- 

tentionally added sodium. 

Discussion 

Silicon Nitride-The reactive -sputtering -produced Si3N4 thus far has 
exhibited consistently higher bulk resistivity and higher surface resis- 

tance than the glow -discharge material. However, production economy 
and possible radiation degradation are possible limitations to the use 

of sputtered passivat ion layers. 
Of the two glow -discharge reactions, the SiH, + NH3 process, at least. 

in these initial tests, has shown more consistent high resistivity than the 
Si H.1 + N2 process. A bulk resistivity of about 2-5 X 1012 ohm -cm has 

been reported for glow -discharge Si3N1.2l _ For high -deposition -tem- 
perature Si:1N., films, a range of bulk resistivity values has been found, 
centering about 1014 to 1015 ohm-cm.21 Both glow -discharge reactions 
produce films with significantly higher surface conduction than CVI) 
Si0, or PSG layers.'l'he reliability implicat ions of this increased surface 

conduction are discussed later. 
It has been reported17,19.23 that variation in the SiH., to NH3 or N, ratio 

has a large effect. on the bulk electrical conduction. In addition, the low 

activation energies found in these films, about 0.5 eV versus 1.0 to 1.5 

eV for high temperature Si3N.,, may he related to mechanical damage 
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whose effects have been previously described.17 The complexity of the 
CV data for nitride films over Si02 is not unexpected.'9 After autoclave 
exposure there was no increase in conduction, suggesting excellent water 
resistance. 

Aluminum Oxide-The bulk conduction of low -temperature and of 
high -temperature films are similar in magnitude and are in the range 
reported previously for aluminum contacts.i5 Exposure to steam resulted 
in a very large increase in conductivity. Previous reports indicate that 
the moisture resistance of A120:3 films is very good.:3' 32 In these previous 
tests, however, the films were subjected to less severe moisture envi- 
ronments than saturated steam at 121 °C. The surface resistance of the 
AI,0:, in humid ambient is higher by about 100X than that of glow -dis- 
charge Si3N, and is approximately equal to that of PSG. 

Previous work;" indicates that the flat -hand voltage for 1000 A of 
A1203 over 50 A of thermal Si02 was about -2.0 V (for aluminum con- 
tacts). while we obtain +0.2 V for 1000 A of A1203 over 1000 A oft hermal 
Si02. These differences may reflect varying amounts of charge at the 
silicon interface, or at the Si02-A1203 interface, or a combination of 
these.36 The shifts in flat -band voltage for our sample are negative, in- 
dicating positive ion motion, while the shift for A1203 over very thin Si02 
(50 A) is positive,s3436 as expected for electron trapping at the Si02-A120:3 
interface. 

The sodium diffusion experiment indicates that A1203 is an excellent 
diffusion harrier, since the flat -band voltage before BT treatment was 
unchanged. After the BT treatment following the sodium diffusion, a 

large shift toward negative voltage indicates positive ion motion, pre- 
sumably occurring in both the A1203 and Si02. However, the shift is 

smaller than that for the Si02 alone, which was immeasurably large. The 
shape of the CV curve suggested that the Na ions entered the A1203 from 
the periphery of the capacitor. 

Reliability Implications of Overcoat Electrical Conduction-There are 
several important areas of iC reliability relating to overcoat or secon- 
dary-passivation-layer electrical properties and the interaction with 
water in plastic packages.810" These include direct contributions to 
device leakage current,8 surface inversion by surface charge migration ,9 

and deleterious electrolytic processes,8,10-12 including gold dendritic 
growth. 14-i5 

For PSG passivation layers, reliability predictions have been made 
based on hulk and surface elect rical properties in the presence of mois- 
ture!' From these results for PSG, we now extrapolate to Si3N., and A1203 

to highlight possible problem areas requiring further study. 
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Fig. 1 shows a cross-section schematic of a typical IC metallization 
pattern.8 For a medium scale IC, the interconnect geometry of metal lines 

at low and high potential can be modeled as a pair of metal stripes 0.1 

cm long, with an electrode gap of 2 X 10-3 cm. Metal line width is 1 X 

10-3 cm. The passivation overcoating is assumed to be 5000 A thick. The 
various dotted lines in Fig. 1 represent possible conduction paths be- 

tween the metal lines. Path A represents direct conduction through the 

Fig. 1-Cross section of a typical IC metallized pattern with dots representing possible paths 

between metal lines at different voltages. (see Ref 181). 

hulk of the passivation layer. Paths B and b ín series represent the bulk 

and surface portions of a surface conduction path not involving openings 
in the passivation layer. Path b alone represents a surface path between 
open regions of metal. (Path c is an interface path which we ignore). 
Recent measurements indicate negligible conduction at the SiO2-PSG 
interface;" compared to hulk and surface contributions. We shall assume 
the same to be true of Al2O:t and Si:IN.t, although this must he examined 
in future work. 

Using the values of bulk and surface conductivity in Tables 1 and 2 

we can calculate resistance values for the various paths of the assumed 
metallization geometry. These resistance values are shown in Table 3. 

From these results it is clear that at room temperature, direct con- 

tributions to leakage current are negligible except for the most con- 
ducting samples of Si:tN.t, in which case the leakage currents will be 

hundreds of nanoamperes due to direct bulk conduction, Path A. For 
many applications, even this relatively large value is tolerable. At 100°C 

this level will rise to tenths of microamperes, which approaches the 
leakage limit specifications of many IC's (1-10 pA). Thus, careful control 
of glow -discharge Si;;N.t deposition would be required to obtain 
higher -resistivity films. 

Long-term exposure to moisture can lower resistance of conduction 
paths in Al2O3 and PSG films, as shown in Table 3. However, the direct 
contributions to leakage would remain negligible. 
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PSG passivation layers can have high enough surface conductivity so 

that surface ion migration can lead to inversion and channeling effects.89 
Silicon nitride layers, as shown in Tables 2 and 3, have lower surface 
resistance and presumably are more likely to exhibit surface ion mi- 
gration. For equal thickness and other factors, the passivation layer with 
the higher dielectric constant will result in a structure with the higher 
surface inversion voltage. Thus, A1203 with 33K 8, will exhibit higher 
inversion voltages than either Si3N,21 or PSG.39 with K = 6 and K = 4, 
respectively. A1203 passivation layers, thus, will be less likely to exhibit 
channeling or field -inversion effects. Proper channel stoppering will 
prevent catastrophic failures in any case. 

Table 3-Resistance in Ohms at 23°C of Current Paths of Fig. 1 

Material 
Bulk/Path 

(A) 

Bulk 
Portion of Surface 

Surface Path Component 
(B) (b) 

Total 
Surface 

Path 
(B+b) 

Si,N,(N2), worst 4 x 10' 1 x 106 2 x 10" 2x 10" 
Si,N4(N,), best 7 x 10" 2> 10' 2 x 10" 2 x 10" 

4x 10'' 1 x 10" 2x 10" 1X 10" 
Si,N, (sputtered), worst 4 x 10' 4 1 x 10" 4 > 10' _ 1x1014 
AI,0, (both processes) 1x10" 1x1016 5> 10" 1 x 10'6 
PSG(5wt91P) 3x 10" 7 x 10'6 1 x 1014 7 x 10'6 

After 5 hours autoclave treatment 
AI,O, 8X 10" 2X 10" 5x 10" 5x 10" 
PSG 6 x 10'4 1 x 10" 1 x 10'4 1 x 10" 

'I'he importance of surface conduction in the presence of moisture has 

been emphasized in various failure -inducing electrolytic pro - 
Other factors being equal. Si3N4 and, to a lesser extent, 

AI203 could be more prone to these processes than PSG. These metal - 
conversion or metal -transport processes depend on many factors in 
addition to surface conduction, such as metal -edge -coverage capability 
by the passivating layer, ionic content of the films and surfaces,10 the 
presence of dopants such as phosphorus in the films,' and the general 
cleanliness and care used in packaging.'t'5 Enhanced conduct ion at the 
plastic-passivation-layer interface of plastic -packaged IC's may lead 
to rapid failure for materials with low surface resistances.' Thus, elec- 
trolytic failure may not necessarily result from enhanced surface con- 
duction, but it is an area requiring further study. 

Cracks and pinholes in the passivat ion can lead to early metallization 
failure when surface resistance is sufficiently low.'s Thus, for a low - 
surface -resistance material, such as Si:,N.,, it is very important to 
maintain the layer integrity. 
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Si3N4 AND AI203 FILMS 

Summary 

Surface and bulk electrical conduction of various passivating film~ have 

been measured and compared. An assessment of reliability effects re- 

lating to these film properties shows that a critical study of surface and 
moisture -related reliability effects is needed to more fully assess use of 

Si:1N4 or A1,03 films as IC Passivation layers. In particular, the greatly 
increased surface conduction of Si3N4 over that of PSG demands careful 

consideration. 
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Aluminum Corrosion in the Presence of 
Phosphosilicate Glass and Moisture * 

Robert B. Comizzoli 

RCA Laboratories, Princeton, N. J. 08540 

Abstract-Using a test pattern typical of IC dimensions, cathodic corrosion of aluminum 
lines under phosphosilicate glass (PSG) layers was related to phosphorus content 
of the passivation glass. Little or no corrosion occurs for phosphorus concertration 
up to about 5 wt %. At 7.7 wt % phosphorus, serious corrosion occurs in a short 
time. A sequential procedure for evaluating corrosion effects in plastic packaged 
IC's is described, and tests using this procedure confirm previous models of 

corrosion. Measurement of aluminum -line resistance is used as a sensitive de- 

terminant of corrosion. 

1. Introduction 

Aluminum corrosion on IC's can be a serious reliability problem.1-5 
Cathodic corrosion of aluminum is more likely than anodic corrosion, 
since a protective oxide can form during the latter process. '2 Cathodic 
corrosion can occur with chemical -vapor -deposited (CVI) Si02 passi- 
vation,»1 but it is much more rapid in the presence of phosphosilicate glass 
(PSG).3 Cathodic corrosion on PSG passivated IC's can be rapid at. high 
humidity' ' and high phosphorus content '1,5 and is most severe at 
discontinuities in the passivating layer, such as cracks, pinholes, and 
bonding pads." -5 Bulk4 and surface2 4 electrical measurements of PSG 
layers show that in the presence of moisture the surface current between 

This work was in part supported by Air Force Materials Laboratory, Wright -Patterson Air Force Base, 
Ohio, under Contract No. F33615 -74-C-5146. 
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discontinuities over metal in the PSG layer in IC's is much greater than 
the bulk current, and establish that the PSG surface electrical properties 
dominate the corrosion behavior. Surface conductivity in moist ambients 
is greater for CVD SiO9 than for CVD PSG.4 One would thus expect that 
aluminum corrosion would occur just as rapidly for SiO2 as for PSG 
passivat ion, but t his is not the case, since sufficient phosphorus must 
be present to take part in the corrosion chemistry'-; independent of the 
effect of phosphorus on the electrical properties. Corrosion can thus 
occur without phosphorus, but at much lower rates. 

In this paper, further measurements of current flow between alumi- 
num lines overcoated with CVD PSG are presented. The measurement 
of aluminum -line resistance is used as a measure of corrosion rate, and 
this rate is related to phosphorus content and water uptake, and the 
previous discont inuity model of corrosion is confirmed. In preliminary 
measurements with unencapsulated devices mounted on headers and 
wire bonded, we found that application of bias to aluminum patterns 
overcoated with PSG while in water vapor in an autoclave at 121 °C, 15 
psig, resulted in complete corrosion of a 1.8 -pm thick, 10 -pm wide line 
in tens of hours. This drastic corrosion was found in all layers tested, 
including those coated with low phosphorus content (-2 wt %) PSG and 
even CVD SiO,. In order to find a less destructive test that would exhibit 
the differences known to exist depending on phosphorus content, the 
tests to be described were carried out. The objectives include the es- 
tablishment of a useful test procedure for studying aluminum corrosion. 
the evaluation of various passivation layer parameters, and the corre- 
lation of previous predictions based on PSG electrical properties with 
test results. 

2. Test Devices 

Line patterns of aluminum on thermal SiO,, overcoated with PSG layers 
of various composition and thickness and encapsulated in a Novolac 
epoxy molding compound, were used to study the corrosion. The test 
chips were encapsulated in 14 -lead dual -in -line packages. The metal lines 
were 7.5 X 10-2 cm long and had three gap widths (5.0, 7.5, and 10.0 pm). 
The line pattern used is shown in Fig. 1. Double layers of CVD PSG 
capped with CVD SiO,, and triple layers of CVD SiO,, CVD PSG, and 
CVI) SiO, were studied. Phosphorus content in the PSG layers ranged 
from 2 to 7.7 wt %. 

3. Results of Electrical Measurements 

Two series of measurements were performed to establish relative cor- 
rosion rates. In the first series, current between line pairs at 100 V was 
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ALUMINUM CORROSION 

measured at 95°C in dry nitrogen as a function of prior time in an au- 
toclave. Results of the first series of measurements showed a large in- 
crease in current for the high -phosphorus samples. A typical result is 

shown in Fig. 2. Table 1 summarizes results at 35 hours autoclave ex- 
posure. 

In the second series, the resistance of the aluminum lines was moni- 
tored as a corrosion -related parameter after autoclave exposure without 
bias, and after heat exposure (90°C) with 20-V bias applied between 

Fig. 1-Photomicrograph of line pattern used in corrosion study. 

lines. Some line pairs were left floating. A complete cycle of line -resis- 
tance measurements in the second series consisted of the following 
procedure: 
(1) Measure initial line resistance at 25°C. 
(2) Place in autoclave at 121°C, 15 psig in vapor phase for 20 hours. 
(3) Measure line resistance at 25°C. 
(4) Place in room air, 90°C, with 20-V bias applied between line pairs 

for 5 hours. 
(5) Measure line resistance at 25°C. 

In the second series of measurements, it was found that the line re- 
sistance increased only after both autoclave stress and 90°C, 20-V bias 
were applied to a line pair. Only negatively biased lines showed the in- 
crease, and there was no increase after autoclave stress alone. A typical 
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Fig. 2-Current (5 -sample average) between aluminum line pairs 7.5 µm apart at 95°C, 
100 V as a function of prior cumulative autoclave exposure. Points marked O = 
2 wt % PSG of 12,500 A thickness overcoated with 1500 A Si02; = 7.7 wt % 
PSG of 12,500 A thickness overcoated with 1500 A Si02; A = 7.7 wt % PSG 
of 12,000 A thickness with 1000 A Si02 below PSG and 1500 A Si02 over 
PSG. 

Table I-Steady State Current between Line Pairs at 95°C, 100 V* 

Layer Thickness (A ) 

Sample (1)t (2)t (3)t 1 

No. Si02 PSG SiO, Wt % P (A) 

2A 0 12,500 1.500 2.0 2.7 x 10-9 
1 A 0 12,500 1,500 2.6 4.2 X 10-9 
4A 0 12,500 1,500 4.6 4.2 x 10-9 
6A 0 12,500 1,500 7.7 7.8 X 10-8 

18A 1,000 12,000 1,500 7.7 1.0 x 10-' 

*7.5-µm Line Spacing, 35 -l -lours Autoclave, Average of 5 Measurements. 
t(1) CVD SiA, over metal, (2) CVD PSG over (1), (3) CVD SiO2 over (2). 
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ALUMINUM CORROSION 

result is shown in Fig. 3 for three full cycles. Table 2 shows results at the 
end of three cycles for five sample types. Note the large increase in re- 

sistance for the 7.7 wt % phosphorus PSG, negative bias line. 
In another experiment, the influence of phosphorus concentration and 

epoxy resin overcoating was determined using header -mounted 
CD4009A circuit metallizat ion patterns without connection to silicon. 
Samples with the metal deposited on thermally grown Si02 and over - 

E 

0 2 wt % phosphorus PSG. 12.500 5. 
w/1500 s overcoat 

O 7 7 wt % phovphoruv PSG, 12,500 A. 
w, 1500 1 overcoat 

p 7 7 wt % phosphorus PSG. 12,000 1, 

w/1000 s CVD S,O2 heiow PSG. 
wit 500 A overcoat 

p 4 OPENS 

77% PSG 

5 Each molt ,s troth an average of 5 sampi.s 

OI OPEN 

0 2 OPENS 

7.79. PSG 

29. PSG 

o 

CYCLE No 

2 

Fig. 3-Aluminum line resistance after three full cycles of autoclave followed by bias at 

20 V at 90°C in room air.. Each point is an average of 5 measurements except 

where open circuits occurred. Data point designations as in Fig. 2. 

coated with PSG, (phosphorus concentrations of about 4% and 8% by 
weight) with and without epoxy resin overcoating, were subjected to 24 

hours in an autoclave (steam, 121°C, 15 psig). Measurements of intere- 
lectrode current were then made at 60°C, dry nitrogen ambient, with 
15 volts applied bias. Table 3 shows averaged values of current (in am- 

peres) 1 minute after voltage application for 30 to 40 measurements for 
each entry. 

The current measured for the 8 wt % phosphorus PSG samples wit h 

epoxy overcoating shows a dependence on bonding pad position. That 
is, current is higher when the voltage is across two bonding pads that are 

near each other than when the pads are at opposite sides of the chip. This 
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Table 2 -Aluminum -Line Resistance Values before and after Stress Testing* 

Samplet 
No. Wt % P Initial Final* Initial Final* Initial Final* 

Resistance (Ohms) of Lines for Various Bias Conditions 

Floating Positive Bias Negative Bias 

2A 2.0 1.537 1 .534 1.531 1.541 1.474 1.542 
1.472 1.467 1.540 1.547 1.451 1.547 

1 A 2.6 1.481 1.474 1.502 1.503 1.505 1.511 
1.416 1.410 1.461 1 463 1.376 1.402 

4A 4.6 1.494 1.491 1.505 1.510 1.455 1.512 
1.433 1.131 1.500 1.502 1 . 1 15 1.456 

6A 7.7 1.459 1.458 1.475 1.477 1.420 5.216 
1.392 1.395 1.456 1.459 1.373 4.409 

18A 7.7 1.889 1.889 1.903 1.918 1.796 5.980 
1.787 1.793 1.933 1.967 1.795 6.990 

*After 3 cycles of 20 -hour .autoclave followed by 
Average of five measurements. 
tCVD layer parameters same as Table 1. 

5 hours at 90°C, 20 V. 

is not observed for the same PSG without an epoxy coating or for the 4 

wt % phosphorus PSG with or without epoxy coating. This indicates that 
the enhanced conduction is due to surface conduct ion at the passivation 
glass -epoxy interface from one exposed wire bonding pad to the other. 
If the enhanced conduction were through the PSG bulk, there would be 

no dependence on pad -to -pad spacing, since the individual circuit pat - 
terns are identical. If the enhanced conduction were through the bulk 
of the resin, then the 4 wt % phosphorus PSG sample should also show 
a large increase due to the resin, but this was not found, as shown in 
Table 3. 

4. Discussion and Conclusions 

In these measurements the importance of phosphorus content on the 
corrosion rate is strongly evident. In addition, the presence of a CVD 
Si02 layer between the aluminum and the PSG apparently increased 
the corrosion rate, which is a somewhat surprising result. Also, it should 

Table 3-Interelectrode Current at 60°C, 15V on CD4009A Patterns after 
Autoclave Stress 

Current Current 
4wt%P in PSG 8wt%P in PSG 

No overcoat 
With overcoat 

4.1 x 10-" 
4.2 x 10-" 

1.3 x l0-" 
6.5 x 10-'° 
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be pointed out that the current levels of Fig. 2 or Table 1 for the 7.7 wt 
% phosphorus PSG layers are about 20X the value calculated from the 
electrical properties of the PSG as described in Ref. 141. This may be due 
to the presence of the encapsulating plastic as discussed (Table 3). or 
to conduction at the interface between the thermal oxide and the PSG. 
The data of Fig. 2 and Table 1 show that the electrical measurements 
indicate higher currents for the higher phosphorus samples. Since all 

the samples have a CVD Si02 top layer over the PSG, the differences 
must be ascribed to either bulk current contributions through the PSG, 
or to interactions between the plastic and the PSG at bond -pad cuts or 
other discontinuities. This question merits further investigation. 

Assuming a Faraday efficiency of unity, degrees of aluminum corrosion 
based on observed or estimated currents can be made. For the line pat- 
tern used, 4.7 X 10_4 C are needed for complete corrosion. Using the peak 
current of 10-' A at 100 V (Fig. 2), a corrosion time of about 7 hours is 

calculated at 20 V, 90°C. assuming linear I- V dependence. While this 
time agrees with data of Fig. 3, it is not suggested that uniform corrosion 
of the cathode takes place, since, as described later, mostly localized 
corrosion is found. Rather, the current decays drastically during the 
corrosion process.4 Thus, as is shown in Table 2, essentially no anodic 
corrosion takes place, since the anode corrosion product is Al,O3, a good 
insulator that is stable in the absence of chloride ions. This distributes 
the corrosion over the entire available anode. No such limiting process 
occurs at the cathode, and thus, localized corrosion (at defects) leads to 
high resistance and open lines in the presence of high -phosphorus - 
content I'S(;. 

At the present time it is not known if the large difference in corrosion 
rates as a function of phosphorus content as shown in Fig. 3 is due only 
to differences in current level, or if other factors such as varying Faraday 
efficiencies are involved. 

Certain devices were decapsulated for microscopic examination upon 
completion of three full cycles. It was found that only the negative line 
had corroded, and that, in most cases, the corrosion was localized either 
at presumed defects or at bond -pad openings. 

Stress -corrosion cracking may be a factor in accelerating cathodic 
corrosion of aluminum metallization lines at grain boundaries. Alumi- 
num -on -silicon wafers, after heat treatment at a temperature of 450°C, 
have been shown to be in tension at room temperature,7 and would re- 

main in tension under device usage conditions. 
It is clear from a comparison of corrosion rates that phosphorus con- 

tent up to about 5 wt % is suitable for IC's packaged in plastic. Higher 
phosphorus contents of about 8 wt %, however, can lead to serious cor- 
rosion in moist environments. 
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Safe Operation of Capacitance Meters Using High 

Applied -Bias Voltage * 

Alvin M. Goodman 

RCA Laboratories, Princeton, N.J. 08540 

Abstract-This paper describes a technique for using a commercial C -meter with a Bias - 

Isolation Unit (BIU) for capacitance measurements at bias -voltage magnitudes 

up to 10 kV without damage to the measurement equipment. The basic principles 

of operation and the details of the electrical design of a BIU are discussed. The 

use of the BIU imposes certain limitations on the range of sample capacitance 

which may be measured without introducing excessive error. The theory of these 

limitations is presented and compared with experimental results obtained from 

the use of the BIU with each of three commercially available C -meters. The 

measurement capability demonstrated by these results appears to be adequate 

for all current and future applications. For less than ± 1% error in the indicated 

(measured) capacitance, the measurable range of the sample capacitance is found 

to be from 0 to at least 400 pF. In some applications, it is important to be able to 

accurately measure small changes in the sample capacitance; for less than ± 1 

error in the indicated (measured) value of a small change, the measurable range 

of the sample capacitance is found to be from 0 to at least 130 pF. 

1. Introduction 

The use of capacitance meters (C -meters) to determine small -signal 

(differential) capacitance as a function of applied -bias voltage is com- 

monplace today in many research, development, and manufacturing 

The research described in this paper was partially funded by Advanced Research Projects Agency 

Order 2397 through the National Bureau of Standards' Semiconductor Technology Program Contract 

5-35912 and is not sub¡ect to copyright. A version of this paper, containing mechanical details not in- 

cluded here, is available as NBS Special Publication 400-34. 

RCA Review Vol. 37 December 1976 491 



applications. Many, if not most, of these applications are connected with 
the semiconductor industry. A variety of commercial instruments* is 
available to meet most existing measurement requirements. 

Typically. an instrument of this type uses a crystal -controlled 1 -MHz 
test signal whose amplitude is -15 mV. The test signal is applied to the 
unknown capacitance; the resulting current is amplified, and its quad- 
rature component (with respect to the applied voltage) is determined 
using some form of phase -locked synchronous detector. The quadrature 
component of the current ís directly proportional to the measured ca - 

BIAS 

VOLTAGE 

X -Y 
RECORDER 

V 

Fig. 1-Conventional high -frequency C(V) measurement. The inset is a schematic illustration 
of a typical plot of normalized capacitance CN versus voltage. 

C METER 

l 

SAMPLE 

pacitance, and the C -meter is usually calibrated to read directly in pi- 
cofarads. In addition, an analog output voltage is generally made avail- 
able to enable the plotting of capacitance on a recorder. Means are 
usually provided for applying a quasi -dc bias voltage to the unknown 
capacitance through the C -meter. This allows the capacitance to be re- 
corded as a function of the applied -bias voltage using the arrangement 
shown in Fig. I. The magnitude of the bias voltage that may he applied 
in this way is limited. Although the limit differs for different instruments, 
it is in no case greater than 600 V. 

It is somet imes necessary to apply a bias voltage larger than 600 V to 
a capacitor sample.' This can be accomplished by using an arrangement 
which applies the bias directly to the sample hut not to the C -meter. An 
example (based on a circuit described in Ref. (31) is shown in Fig. 2. The 
isolation box allows the bias voltage to be applied to the sample while 
keeping it out of the C -meter; at the same time, it isolates the bias -voltage 

' Some examples of commercial C -meters (or instruments containing C -meters) are BEC (Boonton 
Electronics Corp.) Models 71A, 71AR, 72A, 72AD, 72B, 72BD and PAR (Princeton Applied Research 
Corp.) Model 410. 
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supply from the high -frequency test signal. It ís assumed that there is 

a do path through the C -meter to allow the high -voltage -blocking ca- 

pacitor to charge and discharge as the bias voltage is (slowly) varied. The 
parallel resonant circuits are tuned to the test frequency (1 MHz in this 
case) to provide the necessary ac isolation. This isolation can also be 

TO 
BIAS 

VOLTAGE 
SUPPLY 

BIAS 

VOLTAGE 

CURRENT 
LIMITING 

RESISTOR 

.001µF 
10kV 

ISOLATION 
BOX 

TEST 
SAMPLE 

(a) BLOCK DIAGRAM 

0.5-ImH 
(COARSE TUNING) 

36pF 

C -METER 

(- 
.02µF 
I0kV 

1.5-3.IpF 
(FINE TUNING) 

SAMPLE 
1.5-3.IpF 

(FINE TUNING) 

36pF 

0.5-ImH 
(COARSE TUNING) 

o 

TO 
C -METER 

(b) ISOLATION BOX CIRCUIT 

Fig. 2-Isolation box arrangement for measuring C(V) with an applied bias voltage larger 

than the C -meter limit: (a) block diagram, and (b) isolation box circuit. 

obtained by using sufficiently high -value resistors instead of the tuned 
circuits. The blocking capacitor between the sample and the C -meter 
must he sufficiently large that it does not introduce unacceptable error 
into the measurement. For the value shown (0.02µF), the maximum error 
for samples with C 100 pF would he 0.5%. The voltage rating of the 
blocking capacitor must, of course, he at least as large as the greatest 

anticipated bias voltage. 
The arrangement shown in Fig. 2 does not, however, provide complete 

protection for the C -meter in the case of sample failure. If the sample 
develops a short-circuit while a large bias voltage is applied to it, the 
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blocking capacitor (which is also charged up to the bias voltage) must 
discharge through the C -meter. If the voltage across the blocking ca- 
pacitor just before the sample "shorts" is sufficiently large, the C -meter 
will be damaged. 

To prevent this type of damage to the C -meter, a "bias -protection 
circuit" has been developed. The basic principles of this circuit and some 
of the design considerations are discussed in Section 2. The actual circuit 
and operation of a C -meter "Bias -isolation Unit" (BIU), which allows 
safe capacitance measurements at bias voltages up to ± 10 kV, are de- 
scribed in Section 3. In Section 4, some of the experimental results ob- 
tained using the BIU with commercial C -meters are presented. Finally, 
Section 5 discusses present and possible future applications of capaci- 
tance measurements at high applied -bias voltage. 

2. Simplified Circuit and Principles of Operation 

The operat ion of the C -meter bias -protection circuit can best be de- 
scribed by considering a simplified version: first, ill the normal operating 
mode, as shown in Fig. 3(a), and second, the equivalent circuit after a 

sample "breaks down" with a large bias voltage applied to it, as shown 
in Fig. 3(b). The sample capacitance being measured is represented by 
Cs. The series combination of L and CB is tuned to resonance (at the 
measurement frequency of the C -meter) so that there is no reactance 
in series with C.. The diodes I) exhibit very small capacitance and 
conductance at the measurement signal level (' millivolts) and thus do 
not interfere with the measurement of Cs. The shunt capacitance and 
conductance of the diodes can be reduced still further by applying a small 
reverse bias to each of the diodes. The value of R is much less than X(.,, 
and its effect on the measurement of Cs may be ignored in a first ap- 
proximation. A detailed consideration of its effect will be presented later. 
The bias voltage is supplied to Cs through high -value resistances (r» 
X (S ); they serve two functions: (1) to effectively isolate the bias supply 
from the measurement circuit and (2) to limit the current in case of a 

sample breakdown (short-circuit). 
The C -meter is represented by a parallel RLC circuit at the mea- 

surement frequency. There is a low -resistance do path between the 
terminals of the C -meter. This allows the dc voltage at the C -meter 
terminal to remain effectively zero during slow variations of the ap- 
plied -bias voltage. During large rapid variations of the sample bias - 
voltage, the voltage at the C -meter terminals would start to become 
significantly different from zero; one or the other of the diodes would 
then start to conduct heavily when biased in the forward direction. One 
rat her important example of rapid variation of sample bias -voltage is 
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the case in which the sample develops a short-circuit during application 
of a large bias voltage; the voltage across the sample drops (almost) in- 

stantaneously too zero, and CB must discharge through R, L, and the 
parallel combination of the diodes and the C -meter. This is illustrated 
schematically in Fig. 3(b). The forward resistance of the conducting diode 

HIGH VOLTAGE 
POWER 
SUPPLY 

r 
Í r +15-, 

Cs 

, r-----, 
R .Cs L 

I 

L _J 

PROTECTION CIRCUIT 

r 

L 

(o) 

1 

J 

J 

C-METER 

(b) 

Fig. 3-Simplified version of C -meter bias -protection circuits: (a) normal operating mode 

and (b) after a capacitor sample breaks down with a large bias voltage applied 

to it. 

r1 must be sufficiently low that the voltage at the input terminals of the 
C -meter never exceeds the maximum allowable value; i.e., it remains 
"clamped" within some allowable range. 

3. Actual Circuit 

3.1 Circuit and Functional Description 

The schematic circuit diagram of the C -meter bias-isolaton unit (BUJ) 
is shown in Fig. 4 and the individual circuit elements are described in 

Table 1. A front view of the unit is shown in Fig. 5. The circuit performs 
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CAPACITANCE METERS 

Table I-Electrical Parts List fo C -Meter Bias Isolat on Unit (See Fig. -1) 

-- Schematic Description ( 'ommercial description,* if appropriate, 
Reference shown in parentheses) 

1(I . R2 -18.8 c 10" -9 n iminal value, "high-vcltage stable'; series 

string of 17 rest:tors: 2.87 x l0^ 52, 1%, T2 (Sprague. Type 
-120 E. 1/2 \V). 

113, R -I 5 10" 12, 1%, 12.5 \V, "high -voltage stable" (Victoreen, 
Type \IOX-5). 

115.116 -1.7 X 10 U, 1C%, 2 W. 

117 -1.7 x 111" 52, l(4', 2 W. 

118. 119 51,350-!2 nominal value. Act ual values are obtained by se- 

lecting resistor combinations that will result in 1000:1 bias 

voltage attenuation at .110 and JI I when those terminals 
are shunted by -.he input impedance of the recorder (10^ 
52). 

1110, 11l 1 25 U. "high -voltage stable'; series string of 25 resistors: 
1 52, 3 \V nonin luctive (Ohmite, Type 80173). 

1112. 1113 820'_2, 10 2' V. 

Ill I 51 52, 1%, 1/2 I. , noninduct.ive. 
('I 0.01 µF. 1-I kVDC\1 (Plastic ('apacitcrs.'I'ype HG 1-10- 

103). 
C2. C3. C -I 0.0(12 µF-, 14 k JDC\V (Mast ic Capacitors, Type HG I.10-21)2). 

C5. C6, C7 36 -ph" silvered t iica capacitor. 
C8, ('I3 5.2-75 pF' variLble capacitor (E. F. Johnson, Type "L", F:o. 

167-0004-001). 
C'9. CI 0, CI I, 51-pF silvered mica capacitor. 

CI 2 
C1-1 2.2-10 ph vari tble capacitor with speed -reducing planet ry 

drive. (E. F. Johnson 'Type "I.", No. 167-0001-001) (Jac 
son 13rut hers, Type 4511/D \F planetary ball drive with (-.I 
ratio). 

Ill - 1)2, 1)3. PIN diodes (Utrilrode, Type 7201 1) diodes). 
1)4 

1,1 . 1,2 Special choke, 33 turns wound on 1 in. dia. X 4 in. length 
plastic form. 

1,3 Special choke, -'50 turns wound on 1 in. dia. x 4 in. lene --h 

plastic form to resonate with C2 at I MHz. 

L-1 115 µII, high 6 choke (Boonton Electronics Corp., Type 
4(1012.1). 

1,5 1000 µl -I (North !lilts, Type 120Ií with core removed). 
1,6, 1,7 1.2 to 2.5 pit (North Hills, Type 120A with 3 turns re- 

moved leaving 12 turns remaining). 
High voltage ct.-axial chassis connector ( \mphenol, Type 

31, J5 97 -3102A -18-120S). 
.II;, .17, .18, Insulated HNC- coaxial chassis connector (e-\mphenol. Tv -te 

.19 31-010). 
.110, .11 I , 312 Insulated hanata jack. 
SI SPST toggle snitch. 
82. S3 Ceramic insulaxd continuous shorting type switch (Centr-- 

lab,Type PA -500 shaft and index assembly with Type P -y- 

1 3 ceramic switch section). 
Z1 Type 1 N3305BLener diode. 
Z2 'I ype 1 N3305RB Zeiler diode. 
Fuse Type 3:1G -I 1 

Power Supply Regulated with + and - 15 V outputs (Semiconductor 
Circuits, Type 2.15.100). 

*Designation of commercial components in this table and elsewhere in this 
paper does no, imply recommet elation or endorsement of these compone_ ts. 

nor does it imply that they are necessarily the best available for the purpose. 
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not only the bias -protection function but a number of others as well; 
these will now be described. 

Bias -protection circuit 

The high and low terminals of the output to the C -meter are individually 
clamped by diodes (1)1 and 1)2 on the high side, D3 and 1)4 on the low 
side) to remain wit hin some allowable range with respect to ground.'l'he 
diodes 1)1 through 1)4 are PIN diodes with a low forward resistance, high 

S 9 
9. 

Olt 

u..a,..tt-.r.. ., reounook 

._ 

I @ 

Fig. 5-Front view of capacitance -meter bias -isolation unit. 

reverse resistance, and fast turn -on. To reduce their loading effect on 
the C -meter, they are normally maintained at a reverse bias of 6.8 V. The 
bias voltages (+6.8 and -6.8 V) are provided with a very low source 
impedance by the Zeiler diodes, Zi and Z2. 

The high -voltage blocking capacitors C3 and C4 are at (or nearly at) 
series resonance at 1 MHz with L1 + L6 and L2 + L7, respectively. Ad- 
just ment of 1.6 and L7 can be used to compensate for series inductance 
of the connecting leads both inside and outside the HIU. 

The voltage dividers formed by R1 and R8 on the HIGH side and H2 
and R9 on the LOW side serve to attenuate the bias input by a factor of 
1000:1 so that it may he fed directly to the X-axis of an X -Y recorder. 
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High -frequency noise from the bias supply is attenuated by the low- 

pass filter formed by R5, R6, and Cl. The resistors R3 and R4 and the 
capacitor Cl form a filter isolating the bias supply from the 1 -MHz 
measurement signal. 

A bias voltage equal to that at the high side of the sample is available 
at J5 for application to a guard ring electrode. The 1 -MHz series resonant 
circuit formed by L3 and C2 assures that the guard ring is effectively 
grounded at the measurement signal frequency. 

Zero adjustment and zero suppression 

In order to facilitate the nulling ("cancelling out") of capacitance be- 

tween the high -side and low -side test terminals, a circuit (labeled ZERO 
SUPPRESSION in Fig. 4) has been provided to allow a wide range of 

zero adjustment. This is useful not only for the usual nulling of stray 
capacitance due to sample holder and/or connecting leads but also for 

operation of the C -meter in a suppressed -zero mode as is required for 

"modified MIS C(V) measurements".1.2 
The circuit consists of a variable amount of capacitive susceptance 

that is applied between the high side test terminal and a source of volt- 
age* which is approximately equal to the test signal in magnitude but 
is 180° out of phase with it. A range of greater than 250 pF of zero sup- 
pression is available. In order that this range include "zero" (i.e., no zero 

suppression) the minimum value of C13 + C14 plus the stray capacitance 
of the wiring must he "cancelled out" by a small inductive susceptance 
(L5). The resistor R 14 is approximately equal to the sum of R10 + R11 

to minimize the phase imbalance between the signals applied to the 
high -side input terminal of the C -meter during operation in a sup- 
pressed -zero mode. 

It is important that this circuit he ruggedly constructed in order to 
provide stability of the zero -suppression capacitance. 

Peaker circuit 

A C -meter with a high -impedance input is sensitive to loading due to 
stray capacitance from the (high side) input terminal to ground. There 
is in the HEC Models 71A/71AR an adjustable tuned circuit that pro- 
vides inductive susceptance from the high -side input terminal to ground; 
this circuit may be used to null (or compensate) up to about 100 pF of 
stray capacitance. The HIU, sample holder, and connecting cables may 

' This voltage is available at the LO side of the terminals marked D1FF on BEG Models and at the terminal 

marked NULL on the PAR Model 410. 
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provide more stray capacitance than can he nulled by this circuit. 
Therefore, an additional circuit providing inductive susceptance has 
been built into the BIU for use if needed; it is capable of nulling up to 
an additional 150 pF. This portion of the circuit is labeled PEAKER in 
Fig. 4. In operation the PEAKER is adjusted as follows: 
(1) With the cables and sample connected, the C -meter is set to its 

highest sensitivity (highest input impedance). 
(2) The ZERO SUPPRESSION control is set to produce a reading in 

the upper half of the scale. 
(3) The PEAKER is then adjusted to obtain a maximum reading. If the 

meter goes off -scale, repeat steps (2) and (3). 
The peaker circuit adjustment is important only when the C -meter 

used has a high input impedance. If the C -meter has a low -impedance 
input like the PAR Model 410, its performance will he completely in- 
different to adjustment of the peaker circuit. 

The capacitor to be measured is connected to the terminals marked 
SAMPLE and the bias -voltage power supply is connected to the ter- 
minals marked BIAS INPU'I'. If a guard -ring electrode system is to he 
used on the sample, the guard ring is connected to the terminal marked 
GUARD and the guarded electrode must he connected to the HIGH side; 
the unguarded electrode is connected to the LO« side. 

If the BIU is used with a BEC C -meter, the TEST and RIFF terminals 
of the C -meter are connected to the correspondingly marked terminals 
of the BIU. The external bias terminals of the C -meter should he con- 
nected together (short-circuited). 

If the BIU is used with a PAR Model 410 C -meter, the HI side of the 
TEST and I)IFF terminals of the BIU should he connected together and 
to the C -meter terminal marked INPUT. The LO side of the TEST and 
I)IFF terminals of the BIU should be connected, respectively, to the 
C -meter terminals marked DRIVE and NULL. 

3.2 Measurement Accuracy 

(a) Basic Considerations 

The use of the BIU places certain constraints upon the range of test 
capacitance values that can be measured and the accuracy with which 
these measurements can he made. In what follows we shall first consider 
a simple equivalent circuit for the combination of the test capacitance 
and the BIU, and second derive expressions describing the deviation of 
the apparent or "measured" capacitance from the actual value as a 
function of the equivalent circuit parameters. 

500 RCA Review Vol. 37 December 1976 



CAPACITANCE METERS 

(b) Equivalent circuit 

The C -meter measures the capacitive susceptance of a test capacitance 
Cs connected between its terminals and displays this value on a suitably 
calibrated linear scale reading directly in units of capacitance (usually 
pF). Let us define this value of susceptance as 

Ro(CS)=wCs. I1l 

When the C -meter is used with the BIU to measure the same test ca- 
pacitance, the equivalent circuit is one in which the test capacitance 
appears to be in series with a resistance R and (possibly) a reactance X. 
The resistance is due principally to the sum of R10 + R11 in Fig. 4. There 
may also be a small contribution due to the resistance in the windings 
of L1, L2, I.6, and L7 and in the blocking capacitors C3 and C4. The re- 
actance X is equal to the difference between the inductive reactance of 
the sum of the circuit inductances (L1 + L2 + L6 + L7 + lead induc- 
tance) and the capacitive reactance of the series combination of C3 and 
C4. We shall see shortly that there is no advantage to X being capacitive 
(negative); in practice we would like it to be either zero or slightly in- 
ductive. We shall therefore treat it as if it were due to an "excess" in- 
ductance Lx. 

(c) Derivation 

The susceptance R(C,ti) of the series combination of Cs, R, and Lx 
measured by the C -meter is 

B(Cs) 
wC511 - w2LXCs1 

w2R22Cti2 + 11 - w2j x.Cs12 

We may now define a relative sensitivity factor, S(Cs):. 

S(Cs) = 
B(Cs) [1 - w2L.vCs] - 131 
f30(C5) w2R2Cs2 + [1 - w2LXCs12 

This gives the ratio of the apparent value of the Cs that would be indi- 
cated by the C -meter when used with the BIU to the actual value of Cs 
that would be indicated by the C -meter alone. In some measurement 
applications'2 it is necessary to determine small changes in a test ca- 
pacitance. It is therefore of interest to derive an expression for the rel- 
ative incremental sensitivity factor which we shall call S'(CS). 

dB(C5)/dCs 
S'(Cs) = 

dBo(Cs)/dCs 
14a1 
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S'(Cs)-1(11- 
w2LxCs)22+ w2R C 212 

14b1 

'Phis gives the ratio of the apparent value of a small change in Cs that 
would he indicated by the C -meter when used with the BIU to the actual 
value of the small change in Cs that would be indicated by the C -meter 
alone. Ideally, of course, both S and S' should he equal to 1.0 for all values 

N 

1.0 

09 

0.8 
U 

0.7 
1 

IX ERROR 

10 100 1000 

C,(pF) 

Fig. 6-Plots of relative sensitivity factor S(Cs) and relative incremental sensitivity factor 
S'(Cs) versus Cs with series resistance Ras a parameter. 

of Cs, but this could be true only for both Lx and R equal to zero; i.e., 
without the protection circuit to which R is essential. 

It is helpful to consider two separate regimes: L. = 0 and Lx 0. 
(1)Lx=O 

In this regime, Eqs. 131 and 14b1 reduce to 

and 

S(Cs) _ 
1 + w2R2Cs2 

1 - w2R2Cs2 

151 

S'(Cs) - 161 
11+w2R2Cs212 

In Fig. 6. S and S' are plotted as a function of Cs with R as a param- 
eter. For the value R = 50. it can be seen that the added error in mea- 
surement due to the BIU should he less than 1% in S for Cs 3(X) pF and 
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less than 1% in S' for C5 180 pF. These ranges of Cs measurable with 
low added error far exceed any application requirements encountered 
to date. 
(2) Lx 0 

It is helpful to write Eqs. 131 and 14hJ in the form 

1 -aCs 
S(Cs) 

(1 - aC.$)2 + /3C52 
15a1 

and 

where 

S' (Cs) = II - aCsJ2 - /3Cs2 
5h 

1(1 - aC5)2 + /3C521`-' 
[ 1 

a = w2Li, and ¡3 = w"" -K2. 161 

We are particularly interested in the iegion in which S(('s) and S'(C5) 
are close to 1; i.e., the region in which aCs < 1 and iCs2 < 1. Eris. 15a1 

and 15b1 may be simplified by carrying out the indicated operations and 
retaining only first -order terms in aCs and /3Cs2. This gives 

S(C5) + aCs - f3Cs2 17a1 

and 

S'(C;ti) 1 + 2aCs - 3/SC52. 1714 

For non -zero a, both S(C5) and S'(C.) are increasing functions of Cs' 
at low values of Cs, go through maxima and become decreasing functions 
of Cs. These maxima may he found by differentiating Eqs. 17a1 and 1714 

and setting them equal to zero. 'This gives 

S(Cs)max = 1 + i3C 52 18a1 

at Cs = a/211 18b1 

and 

S'(Cs)maz. = 1 + :30052 

at Cs = a/3/3 

18c1 

I8d1 

It was previously stated that there is no advantage to the reactance 
X being capacitive (negative); that this is true can be seen from the 
following argument. If the reactance were negative; the terms in Eqs. 
17aJ and 1714 which are linear in Cs would become negative and the de- 
parture of S(C5) and S'(C5) from their ideal values of 1.00 would occur 
more rapidly with increasing Cs. This is clearly undesirable. 
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It is easily demonstrated that for a given allowable error magnitude 
in either S(Cs) or S'(('s), a wider range of measurable Cs can be ob- 
tained by using an "appropriate" value of a(LA') than would be possible 
for a = O. 

Let us consider two examples. First, we consider the case in which the 
maximum allowable error in S(Cs) is ± t. At its maximum value, 
S(Cs ),,,ax = 1 + E. It follows from Eqs. 18a] and ]8h] that the appropriate 
value of a is 

a(e) = 191 

The maximum value and, therefore, the maximum range of Cs that 
can he measured without exceeding the allowable error t, is found from 
Eqs. 17a1 and 19] to be 

_SCs(a,t) = 11 + -11t11.11112. 1101 

This may be compared with the maximum range of Cs that can be 
measured without exceeding the allowable error in S(Cs) when a = 0, 
i.e., when there is no excess inductance. In this case the range is 

.1Cs(0,f) = ]t/í3]l/2. .. (11] 

Thus, the appropriate value of a can provide an increase in measurable 
range of Cs by a factor of 

.SCS(a,t) -1+%/. 1121 _SCs(0,t) 

As a second example, we consider the case in which the maximum 
allowable error in S'(Cs) is ± t'. At its maximum value, then, S'(Cs) = 
1 + t'. It follows from Eqs. 18c] and ]8d1 that the appropriate value of a 
for this case is 

Mt') = /. 113] 
The maximum value and, therefore, the maximum range of Cs that 

can be measured without exceeding the allowable error t' is found from 
Eqs. ]7b] and 1131 to be 

= (I + v] 1t/301'/2. ]14] 

This may be compared with the maximum range of Cs that can be 
measured without exceeding the allowable error in S'(C's) when a = 0, 
i.e., when there is no excess inductance. In this case the value is 

-5Cs(0,t') = 1t/30/2. 1151 

Here again, there is an increase in the measurable range of Cs by a 
factor of 
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.,Cti (a,E') - 1 + V L. 
_SCs (0,(') 

1161 

Note, however, that the "appropriate" values of a are not the same 
for equal error magnitudes a and 

In summary then, excess inductance L can he used to increase the 
measurable range of Cc without exceeding a set of preassigned error 
limits on either S(Cs) or S'(Cs). 

4. Experimental Results 

The BIU described in Section 3 was tested to ensure that it would 
properly perform the desired bias -protection (transient -suppression) 
function and that the accuracy of measurements made with it would not 
be excessively degraded. These tests and their results will now be de- 
scribed. 

4.1 Transient Suppression 

The experimental arrangement for testing the transient -suppression 
capability of the BIU is shown in Fig. 7. A test capacitor periodically 
short-circuiting under high bias (10 kV) is simulated by a motor -driven 
spark gap. The resulting transient voltage at the C -meter terminals is 
picked up with a probe and displayed on a fast oscilloscope. The voltage 
from each C -meter terminal to ground was checked individually for each 
polarity of applied bias and found to have a peak value less than ± 200 
V. A typical example is shown in Fig. 7(h). 

In addition, repeated sample breakdowns were simulated under actual 
test conditions; i.e., with a C -meter connected. These tests were con- 
ducted with three different types of commercially available C -meters: 
(1) a BEC Model 71A, (2) a BEC Model 72AD, and (3) a PAR Model 410. 
The C -meters were tested before and after the simulated breakdowns; 
no damage or change in calibration was found. 

Furthermore, many actual sample breakdowns have occurred during 
C(V) measurements using the BItI at high voltage levels (approaching 
10 kV). In none of these breakdowns was a C -meter damaged. 

4.2 Effect of the BIU on Measurement Accuracy 

In Section :3.2 the effect of the BIU on the accuracy of C -meter mea- 
surement was considered from a theoretical point of view. The actual 
effect was determined experimentally by measuring S(Cs) and S'(Cs) 
for each of the three C -meters used in the transient suppression tests 
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(Section 4.1). Prior to these measurements L6 and L7 were adjusted to 
produce minimum reactance at 1 MHz between the terminals .13 and .16 
and between J4 and .17 of Fig. 4. That is, there was no intentional use of 
excess inductance to "stretch" the measurable range of Cs. Some slight 
additional inductance was, of course, present due to the leads connecting 
the BIU to the C -meter and the test capacitor to the BIU. 

o 
TEKTRONIX 
MOD 585A 

WITH 
MOD 82 
PREAMP 

10:1 
VOLTAGE 
DIVIDER 
PROBE 

CAPACITANCE METER 
BIAS -ISOLATION UNIT 

HI 
0 

TEST 
0 
LO G C 

1OkV 
POWER 
SUPPLY 

MOTOR -DRIVEN 
SPARK GAP 

(a) 

(b) 

1O0nS/div. 

Fig. 7-(a) Schematic representation of the experimental arrangement for testing the 
transient suppression capability of the BIU and (b) photograph of a typical observed 
transient (HI terminal to ground). 

In order to measure S(C5) and S'(C5), a precision decade capacitor 
(EEC Model 71-3A) was used as a standard. This 3 -terminal capacitance 
standard has an accuracy of 0.25% for each of its component capacitors. 
L1 each case, t he output of the C -meter was read on the 10 -inch scale of 
an X -Y recorder with an accuracy of 0.2% of full scale. Each C -meter was 
calibrated on the appropriate scale(s) by connecting the standard ca- 
pacitor directly to the C -meter (i.e., with the HIU out of the circuit) and 
following the manufacturer's calibration instructions. 
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After the completion of the calibration procedure, the standard ca- 
pacitor was connected to the C -meter through the BIU, and the apparent 
capacitance (as measured through the BIU) was determined as a function 
of the standard capacitance. From Section 3.2, S(C..) = apparent value 
of ('s/standard value of Cs. 

It was not possible to obtain S'(C's) directly. Therefore, the fdlowing 
approximation was used: S'(C5) (measured increase in the apparent 
value of Cs due to an actual increase of (5('5)/5Cs. For all of the mea- 

surements discussed in this report, óCs = 1 pF. The actual measurement 
procedure was as follows: (1) a value of Cl was set on the standard ca- 

pacitor, (2) the output was reduced to zero using the ZERO SUP- 
PRESSION controls, (3) the sensitivity of the recorder was increased 
by a t ctor such that an additional 1 pF should cause full scale deflection 
on the recorder, (4) the output was again adjusted to zero, (5) the stan- 
dard capacitor was increased by 1 pF, anti (6) the value of S'(C5) was 

read directly from the recorder with full scale corresponding to S' = 1.110; 

if the deflection exceeded full scale by more than 1% (the available re- 

corder over -range) the sensitivity was reduced by a factor of 1h, in which 

case half -scale deflection corresponded to S' = 1.00. 
Measurements of apparent capacitance versus standard capacitance 

were carried out using each C -meter, and the value of S(C.) was com- 
puted for each data point. The results are shown in Fgs. 8, 9, and 10. For 

comparison, the theoretical expression, F,q. 151 for S(C5) based on the 
simplified equivalent circuit with L y = 0, is also shown in each figure. 
Qualitatively, the results are similar for the three C -meters, viz., the 
falloff of S(Cs) with increasing Cs is smaller than would he expected 
from Eq. 151 over most of the measured range of Cs. This occurs un- 
doubtedly because the connecting leads provide a small excess induc- 
tance Lx, having the effect discussed in Section 3.2(c) (L 0). This 
is most evident in the data for the Boonton Model 72A1) C -meter (see 

Fig. 9), where there is a detectable peak in S(Cs). 
There is one other deviation from S(C5) = 1.011 using the BEC Model 

71A. This occurs on the lower capacitance ranges where the input re- 

sistance is high. On the 1, 3, and 10 pF scales, 5(C5) was 0.892, 0.968, and 
0.995, respectively, independent of C.. 'l'his falloff in sensitivity is due 
to the loading of the input circuit by the BIU. The effect is not detectable 
on the 30 pF and higher capacitance ranges. The effect is not a serious 
one in any case, since it is independent of ('s and may easily be com- 

pensated by an appropriate internal adjustment of the C -meter sensi- 
tivity on the lower scales (if the C -meter is dedicated to operation with 
the 131U) or, alternatively, by appropriately adjusting the recorder 
sensitivity. The input impedance of each of the other two C -meters tested 
is sufficiently low that they are not loaded by the HIU on any scale. 
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Fig. 8-Calibration curves for BIU operating with BEC Model 71A C -meter. 
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Fig. 9-Calibration curves for BIU operating with BEC Model 72AD C -meter. 
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The value of S'(CS) was then determined for each of the C -meters. 
The results are plotted as open circles in Figs. 11, 12, and 13. The other 
data in Figs. 12 and 13 will he discussed shortly. For comparison, each 
figure also shows the theoretical expression, F.q. 161, for S'(C5) based 
on the simplified equivalent circuit with Lx = O. The results for the three 
C -meters are distinctly different in this case. 

z 

< u 

300 400 500 600 

OSTANDARD (DF) 

Fig. 10-Calibration curves for BIU operating with PAR Model 410 C -meter. 

-900 

BOO 

- 700 

-600 

- 500 

- 400 "< u 

- 309 

-200 

-p0 

For the BEC Model 71A C -meter (see Fig. 11) the experimentally 
determined values of S'(C5) rise above 1.0 at low Cs and fall below 1.0 

at higher C.. The initial rise is thought to be due to the excess inductance 
provided by the connecting leads. Above Cs 120 pF, the experimental 
values of S'((7.) fall off more rapidly with increasing C1 than would he 
expected from Eq. 161. There are probably two reasons for this: 
(I) The measurements were made using the 1(X)-pF scale corresponding 

to an input resistance of approximately 60 ohms; as Cs and the 
zero -suppression capacitance are increased, the effective capacitance 
from the Hl terminals to ground increases, shunting the 60 -ohm 
input resistance and lowering the apparent sensitivity of the C - 
meter. 

(2) The effective series resistance of the BIU may be larger than 50 ohms 
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Fig. 11-Relative incremental sensitivity S(Cs) for BIU operating with BEC Model 71A C - 

meter. 

due to the series resistance contribution of the coils and blocking 
capacitors. 

Nevertheless, there is a measurement range of 140 pF in Cs in which S' 
does not deviate from its ideal value of 1.0 by more than 1%. 

For the BEC Model 72AD C -meter (see Fig. 12), the initial experi- 
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Fig. 12-Relative incremental sensitivity S'(Cs) for BIU operating with BEC Model 72AD 
C -meter. 
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mental results (unfilled circles) were rather bizarre. Similar results were 

obtained from the initial experimental measurements (unfilled circles 

in Fig. 13) of S'((',ti) using the PAR Model 410 C -meter. The undulation 
of S'(Cs) suggested the possibility of resonances occurring at frequencies 

other than the I -MHz test signal. An analysis of the equivalent circuit 
at harmonics of 1 MHz, taking into account the value of C,, at which the 
largest undulation takes place, indicated that the major culprit was 
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NAL FILTER - MODIFIED C -METER WITH EXTRA INTERNAL 
FILTER IN ADDITION TO STANDARD INTE- 
GRAL FILTER 

100 

Cs 

I 

I50 
I 

200 

Fig. 13-Relative incrt mental sensitivity S'(Cs) for BIU operating with PAR Model 410 C - 

meter. 

probably a third -I armonic component in the test signal. To test this 
hypothesis, a crude filter was assembled for use between the UJU and 
the C -meter (Fig. 14). The purpose of the filter was to attenuate the 
third -harmonic component of the current flowing from the test capacitor 
(',ti into the C -meter HI terminal. The measurements of S'(Cs) were 
repeated for the HEC Model 72AI) and PAR Model 410 C -meters using 

the filter. The results are shown as the squares in Figs. 12 and 13. It was 

clear that the filter provided a substantial improvement in the 0- to 
100-pF range of Cs; it was equally clear that further improvement was 

desirable. For this reason, a spectral analysis of the test signal of each 

of the three C -meters was carried out using a Hewlett-Packard Model 
141T Spect rum Analyzer. The results (shown in Table 2) indicate that 
the MC Model 71A has the "cleanest" test signal, while the test signals 
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Fig. 14-Schematic circuit diagram of 3 -MHz filter. 
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of the other two are relatively rich in harmonics. These results confirmed 
that the unexpected behavior of S'(Cs) was indeed due to the presence 
of undesirable harmonics in the test signal. 

It was felt that the best place to eliminate the harmonics was in the 
C -meter, either in the test signal generator or in the amplifier chain 
preceding the phase -sensitive detector. Accordingly, arrangements were 
made with the PAR Corp. to obtain a modified version of the PAR Model 
410 C -meter with extra filtering to eliminate the unwanted harmonics. 
The results of measurement of S'(Cs) using the BIU with this C -meter 
are shown as the filled circles in Fig. 13. The deviation of S'(C.) from 
1.0 is less than 1% over the range 0 to 200 pF. The experimental points 

Table 2-Test Signal Spectral Analysis for Three C -Meters 

F(MHz) 

Test Signal Component (mVr,ns) 

BEC Mod. 
71A 

BEC Mod. 
72A1) 

PAR Mod. 
410 

1 13.0 12.7 10 
2 0.112 0.590 0.35 
3 0.050 0.063 0.400 
4 0.010 0.014 0.100 
5 <0.007 0.050 0.112 
6 <0.007 0.014 0.050 
7 <0.007 0.009 0.045 
8 <0.007 0.009 0.040 
9 <0.007 0.009 0.032 

10 <0.00.7, 0.010 0.028 
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do not fall below 1.0 as rapidly with increasing Cs as would he expected 

from Eq. 161; this is consistent with the behavior expected from a small 

excess inductance provided by the connecting leads. It is reasonable to 

expect that similar results could he obtained using the BIU with a BEC 

Model 72AD C -meter suitably modified to filter out the test signal 

harmonics. 
In summary, the tests demonstrated that the BIU can he used with 

any of three commercially available C -meters at applied voltages up to 

10 kV. For less than ± 1% error in relative sensitivity S(C5), the mea- 

surable range of Cs is from 0 to greater than 400 pF; for less than ± 1% 

error in relative incremental sensitivity S'(C.), the measurable range 

of Cs is from 0 to greater than 130 pF. 

5. Discussion and Conclusions 

It is useful to consider the results that have been achieved thus far with 

the BIU and to place them in the broader perspective of the requirements 

of present and possible future applications. 
The two applications of high -voltage capacitance measurements which 

have already been investigated in some detail are: 

(1) measurements of C(V) of metal -glass -Si capacitors for the purpose 

of characterizing the interface between Si and a passivating glass 

layer (t glass~ 10 to 100µm), and 
(2) measurements of C(V) of metal -sapphire -Si capacitors for the 

purpose of characterizing SOS and the Si -sapphire interface ((,;ap1,l,;re 

100 to 150µm). 
In these applications the range of values of Cs encountered was 5 to 

55 pF. Clearly, the equipment described herein is entirely adequate for 

these measurements. It is anticipated, however, that future measurement 

applications (using thicker sapphire wafers) will require bias -voltage 

capability up to about ± 25 kV, and current efforts are directed toward 

the development of equipment that will be capable of operating at these 

higher voltage levels. 
Two other applications have been investigated only in sufficient detail 

to show that the measurement technique is a useful one. These appli- 
cations are: (1) characterization of the interface between heavily doped 

Si and a thick (> 1µm) overlying insulator, (2) measurement of the 
base -collector capacitance of a very high voltage transistor (max Ve 

1500 V) in order to nondestructively characterize the doping profile of 
its base -collector region. Other possible future applications include the 

characterizat ion of new passivating and encapsulating layers for semi- 

conductor devices (e.g., plastics, resins, and epoxies), studies of the 
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electric field dependence of dielectric polarization under high fields, and 
studies of dielectric -electrolyte interfaces. In each of these applications, 
the equipment described appears to be adequate for all current and fu- 
ture applications. 

In conclusion, a technique has been described that allows the safe 
operation of commercially available C meters for capacitance mea- 
surements with applied -bias voltage up to ± 10 kV. The technique re- 
quires a bias -isolation unit for which the circuit, theory, and practical 
results have been presented. 
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Compensatory Pre -emphasis 

Leonard Schiff 

RCA Laboratories, Princeton, N.J. 08540 

Abstract-Multi-destination FDM/FM is a common transmission technique for satellite te- 

lephony. If the various receive stations have different down -link performance, 

the use of standard pre -emphasis will result in different SNR at each receive 

station. If a certain minimum SNR is specified (as is often the case), the link budget 

must be drawn for the poorest performing earth station and the better earth stations 

will have unnecessarily large margins. It is shown that the use of nonstandard and 

easily achieved pre -emphasis can provide equal (and just sufficient) margins at 

the various stations while reducing the required bandwidth and/or power of the 

carrier. This pre -emphasis compensates for variable downlink performance by 

boosting the FDM channels going to the poorer earth stations more (and those 

going to the better earth stations less) than standard pre -emphasis. 

1. Introduction 

The calculations for FDM/FM links and the techniques for imple- 

menting these links are based on terrestrial radio practice. Rut while 

terrestrial radio FDM/FM links are point-to-point, satellite FDM/FM 
links are often point-to-multipoint (or multiple destination). If the 

carrier -to -total noise density, C/No, is the same (or almost the same) at 

each destination station. the normal terrestrial implementation is rea- 

sonable. However, when the values of C/No at the various receive stations 

are significantly different from one another, the use of the standard 
implementation is wasteful of resources-either power or bandwidth 
or a combination of the two. This is because this implementation cor- 

responds to a worst -case design. In other words, the required SNR is 
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achieved at the station with the lowest value of C/No and the stations 
with higher C/No achieve higher SNR (more than needed). 

Compensatory pre -emphasis is a technique for having all stations 
reach their required SNR without any being overdesigned. This is 

achieved by implementing an effective pre -emphasis that compensates 
for higher (lower) C/N0 by using lower (higher) pre -emphasis. 

Section 2 presents the standard model for an FDM/FM system. In 
Sect ion 3, t his model is used to derive the savings obtained by compen- 
satory pre -emphasis with normal loading (defined as the multiplex ar- 
rangement in the FDM basehand in which the channels lowest in the 
baseband go to earth stations with the lowest value of C/No). In Section 
4, we consider reverse loading and show that the savings are much less. 
Both the results of Sections 3 and 4 are for modifications of parabolic 
pre -emphasis. In Section 5, the results of modification of constant - 
plus -parabola pre -emphasis are contrasted with parabolic and the results 
are shown to he similar. 

2. Model 

An FM receiver with carrier -to -noise density C/No (assuming additive 
white gaussian noise) has an output parabolic noise spectrum given 
by* 

NW= h2/2 (-CNo ) volt`'/Hz 

for frequencies, /, between 0 and half the rf bandwidth. The constant 
k is the demodulator gain. Any voice channel, of bandwidth b Hz, located 
at frequency / will then have noise power of h.2/-'(C/No)-'h (assuming 
/2 z (/+ h)2). Further, let a 1 mW test tone at the reference point pro- 
duce an rms frequency deviation of /,. at the transmitter. The test tone's 
power at the output of the demodulator is then h2/,.2 and the test - 
tone -to -noise ratio, 7'7'/N, is given by 

TTIN= 
\No/ h\/y. 

Further, the rf bandwidth would be given by 2 

B = 2/in + 2Pí; = 2/,,, 
L 

1 + Pf, 
ím 

' See any text on FM, e.g., Ref. I 1 I. 

111 

121 

516 RCA Review Vol. 37 December 1976 



COMPENSATORY PRE -EMPHASIS 

The above is a version of Carson's rule where /,,, is the highest modu- 
lating frequency (,z,Nh where N is the number of voice channels) and 
pgf, is the approximate "peak" deviation. This approximation is ob- 
tained by first -elating the rms frequency (voltage) of an FDM group of 
N channels to the rms frequency (voltage) of any one through the loading 
factor* g. Secondly, one approximates this multiplex group as a Gaussian 
signal (central limit theorem) with flat power spectrum between 0 and 
/,,. Finally, one assumes a peaking factor p relating peak and rms of a 
Gaussian signal where p = 3.16 (i.e., 10 -dB peaking factor). 

All the above holds without pre -emphasis. I_f now a pre -emphasis 
network is inserted between multiplexer and FM transmitter having 
magnitude transfer function H(/) and H2(() = P(/), the rms frequency 
deviation produced by a 1-mVJ test tone is /r . P?J/ if the test tone is at 
frequency /. Hence, the ?TIN for a voice channel of bandwidth b at 
baseband frequency position ` is given by 

T7'íN = (No) h ()2 1:31 

The T7'/N is, in general, a function of the frequency the voice channel 
occupies. 

Since the H(/) without pre -emphasis is unity between frequency 0 and 
/,n, we can, without. loss of generality, impose the normalizing condi- 
tion 

S 141 
o 

With the adoption of this normalization, we can argue that the hand - 
width result given by Eq. 121 still holds. The reasoning is that, because 
of Eq. 141, any input to the pre -emphasis filter having flat power spec- 
trum has the same power out as it has in. Hence the rms frequency de- 
viation of the multiplexed group isg/r as it was without pre -emphasis. 
Further, since a Gaussian input to any linear device (e.g., pre -emphasis 
filter) produces a Gaussian output, the same peaking factor p can be 
assumed. 

The above is ,a sketch of the standard assumptions and model for 
FDM/FM. In the next two sections, we shall derive results for "ideal" 
pre -emphasis (parabolic). For this case, /'(/) = A/22, in order that the 
TT/N for all voice channels be equal. Use of Eq. 141 gives A = 3//m2. 
Substitution into Eq. 131 gives 

The CCIR recommendation for g is g = 10-3" N for N >_ 240 and g = 10-1/20 N"5 for N _< 

240. 
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= ))1h \(, / 2 

3. 151 

This result is slightly different than the standard CCIR recommended 
formula because the standard CCiR pre -emphasis is constant plus 
parabolic. The differences are discussed in Section 5. 

3. Normal Loading 

If there are M receiving earth stations, order them in increasing C/No 
so that for the ith station the carrier -to -noise density ratio is (C/N1)i 
where (('/N0)1 <_ (C/N0), <_ ... _< (C/No),,. Further, let the number of 
circuits destined for the ith station he Ni and the total number of circuits 
N, therefore, given by N = , Ni. The test tone -to -noise ratio at the 
it h station is given by 

/ (TT 
7 

TlN)` = \N,i h (¡r)' P(i)' 161 

and, in general depends on the exact frequency position the voice 
channel occupies in the haseband. If one uses the "ideal" pre -emphasis 
with no compensation for the different values of C/N0, then P(/) = 
3(1//m )' and 

(' 1 
z 

(TT/N)i = (-) - (/r f) 3. 
N p i h r 

All the voice channels at the ith station have the same value of TT/N 
but the values differ from one station to the next. Since the 1st station 
has the lowest value and since it is assumed that all stations have the 
same required value of test tone -to -noise ratio (TT/N)req, /r must he 

chosen such that 

(T7'lN)req = ( )1 h (¡m 
)23, 171 

and the rf bandwidth is then given by Rq. 121. 

With compensatory pre -emphasis, a new pre -emphasis function is 

chosen. We assume normal loading, by which we mean that the lowest 
group of circuits in the FI)M haseband NI go to station 1, the next group 
of circuits N, go to station 2, ... , with the highest frequency N,.,r chan- 
nels going to station M. The pre -emphasis function is now given by 

= ni/l. Si- Ifni Si/ n, 18a] 

where 
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= - N1 and 10 = O. 18b1 Ni=, 
The M constants a; are chosen such t hat 

a; (C/No), 
a, (C/N0);. 

Further, the constants are such that the normalizing condition of Eq. 
141 is satisfied. Upon substituting Eqs. 181 and 191 into Eq. [41, one solves 
for a, 

where 

3 I 

al = 2ó, 
f¡ 

(C/No)i ó = a - I E;-13 1. 
;= i (C/No); 

P(f ) 

191 

11ob1 

Fig. 1.-Pre-emphasis function for compensatory pre -emphasis with normal loading. 

The pre -emphasis function given by Eq. 181 is sketched in Fig. 1 for 
the case M = 4. As can be seen, each segment is parabolic in shape with 
constant a; (as given by Eq. 191) inversely proportional to (C/No);. Sta- 
tions with lower C/N,) are boosted more (and stations with higher C/No 
less) than in the case of "ideal" noncompensatory pre -emphasis. The 
shape of the curve also demonstrates the reason this type of channel 
arrangement is called normal. For, when compared to any other ar- 
rangement, it produces a power spectrum at the output of the pre - 
emphasis network with lowest mean frequency, i.e., the power spectrum 
is squeezed toward the low frequency end. On a purely intuitive base, 
t his should result in an improvement since (all other things being equal) 
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it should reduce the rf bandwidth. In the next section, we consider the 
exact opposite type of loading and show that the improvement is much 
less. 

With al given by Eq. 1101 and all other a; (i = 2,3, ... , M) given by 
Eq. 191, the funct ion P(f) is known, and using Eq. 16] the TT/N for each 
of the N; circuits received at the ith station is given by 

C 1 (TT ); = (-) - f,. a; 
No ;h 

= C 
1 ( -a1 \N Ihf 

3 - No h (f,,, )' ó 

When this result is compared with Eq. 171, one observes that all voice 
circuits at all stations have the same value of TT/N and this value is 
1/5 as much as the required value. Further, since the pre -emphasis filter 
used satisfies the normalizing condition of Eq. I.11 and fr is unchanged, 
the bandwidth is exactly the same as in the noncompensatory case. This 
means that the carrier power to each station can be reduced to a value 

times as much to achieve the required TT/N with compensatory pre - 
emphasis while using the same bandwidth.* Alternatively, if one wants 
to use the same power and reduce the bandwidth, observation of Eq. 111] 

shows that fr can he reduced to the value f f,. and still produce the test 
tone -to -noise ratio (TT/N)re,, at each station (see Eq. 171). Hence use 
of compensatory pre -emphasis with the same carrier power can reduce 
bandwidth by a factor of [1 + p-gf fr/f,,,]/I1 + p -g fr/f,,,]. Obviously, 
one can also achieve combinations of bandwidth and power reduc- 
tion. 

In order to gain some appreciation for the gains achieved in compen- 
satory pre -emphasis, consider the case of two destinations where (C/ 
No)1 /(C/NI), = p _< 1. Substituting in Eq. I10ó1, we have the simple re- 
sult 

5=p+(1-n)11 '. 1121 

In Fig. 2, we plot (solid curves) the gain of compensatory pre -emphasis 
(-10 log115) as a function of the fraction of circuits (11) going to the 
poorer earth station with p (or 10 log 1op) as a parameter. The results are 
better than linear. In other words, the curve is always above the straight 
line segment between the value of gain at El = 0 and = 1. Notice also 

Assuming, of course, that the resulting reduction still produced a carrier -to -noise in rf band that is 
over threshold. 
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that the results in Fig. 2 can he used as a lower bound on the gain for the 
case of more than two stations. That is, if the C/No for the stations i = 
3,4, ... M are set equal to (C/N0)9, the gain is as in Fig. 2, and this value 
is certainly less than or equal to the actual gain since (C/N0); >_ (C/N0)2, 
for i>_3. 

lo 
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(in db) 5 
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t 
-NORMAL LOADING 

----REVERSE LOADING 

10 db 
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.6 1.0 

Fig. 2-Gain in compensatory pre -emphasis versus fraction of circuits destined for poorer 
earth station. 

One final point that must he made in connection with the pre -em- 
phasis filter is its construction. One does not attempt to synthesize a filter 
with the form of Eq. 181. One rather uses a filter for which 1H(í)12 = [2 
(or in the case of Section 5, constant + f2) and adjusts the gains of the 
individual channels to form the effect of Eq. 18]. These gain adjustments 
for voice channels and groups of channels are normally present in any 
case. In other words, in all cases the effect of compensatory pre -emphasis 
is achieved by forming an FI)M baseband with nonconstant power 
spectral density (the power spectrum looking like a "staircase" function) 
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and input ing this signal to a standard pre -emphasis filter. The effect is 
exactly the same as having a constant power spectrum signal fed into 
a compensatory pre -emphasis filter (such as in Eq. 18]) which is more 
convenient to treat mathematically. 

4. Reverse Loading 

In the previous sect ion, we treated the case in which voice channels are 
placed in the hasehand in accordance with the C/No of the earth station 
to which they are headed-channels to the poorest quality stations being 
lower in the hasehand. One can, however, use any ordering scheme. Each 
different ordering scheme will, however, result in a different gain with 
the technique for finding it being the same as in Section 3. To demon- 
st rate the variability of gain with channel ordering, we consider the case 
of reverse loading. This is an ordering scheme that is the exact opposite 
of the one in Section 3. The channels headed to the highest C/No earth 
station are lowest in the FI)M hasehand, those headed to the next highest 
are placed next, and so on. As in the previous section, the earth stations 
are labeled 1 through M with (C/N0)1 S (C/No), _< ... (C/No)MM with 
Ni circuits going to station i, i = 1,2, ... M. The definition of E; are as 
in Eq. 18h1. The pre -emphasis filter than has the form 

/'(/) = a,72, 

f,,,(1 - ;)5/_</r(1 -Es-r) for all i = 1,2,...M [131 

Further, in order to equalize SNR at each earth station, we require 

(CIN0)1 
[ 14] aI' (C/No).. 

The normalizing condition of Eq. 141 still holds, of course. A sketch of 
the form of /'(/) is given in Fig. 3 for the case M = 4. 

Upon substituting Eqs. 113] and 1141 into Eq. 141 and again using Eq. 
161, one finds similarly to Section 3 

1 ¡(r 2 3 (TT/N); = (CINo)r \fm/ 

= Z 
(C/No)i 

I(1 --r)'; - (1 -)"1. 1161 
;= i (CM()); 

and again the rf bandwidth is the same as without the compensatory 
pre -emphasis. 

The conclusions are as in the last section. 'I'o make TT/N equal to the 
required value at all earth stations, one may reduce the received carrier 
power to 1/5' as much (or by -10 logio5' dB) and keep the bandwidth the 

1151 
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same; or, arguing as before, one can keep the power the same and reduce 
the rf bandwidth by the factor 11 + pgV fr/f,,, ]/[1 + pgfr./f,,, ] or any 
number of combinations. 

Considering as before the case M = 2 and substituting into Eq. 1161, 

we have 
b'= I -(1 -p)(1-El)3 ¡17] 

The gain in dB is plotted as a function of i in Fig. 2 with p as a param- 
eter (dotted curves). The results, as expected, are much worse than for 
normal loading and indicate the undesirability of this procedure. 

P(f) 

N4 N3/ 

/¡ 

/N2 Ni 

/ 
f 2 

S( 
fm) 

fm(I-é3) mll £2) fm(I -Ci) fm 

Fig. 3-Pre-emphasis function for compensatory pre -emphasis with reverse loading. 

Actually, the results for this case are only accurate for cases where 
(C/Nll).tf/(CIN))l is not too large. If, however, the maximum discrepancy 
in earth station performance becomes large, these results, as poor as they 
are, become somewhat optimistic. 'I'o see why, we must retrace the dis- 
cussion in Section 2. Recall that in deriving the bandwidth result for an 
FI)M/FM system with pre -emphasis, a crucial step is to approximate 
the input to the pre -emphasis filter as a Gaussian signal and (because 
the filter is a linear device) to therefore approximate the output as a 

Gaussian signal. While the nature of the approximation at the input is 

complicated,; it is clear that the approximation becomes poorer when 
the individual voice channels have different gains (as they do at the 
output of the pre -emphasis network). With standard pre -emphasis it 
is found, in practice, that the variation in gain produced at the output 
is not sufficiently high to necessitate a correction. It therefore follows 
that for compensatory pre -emphasis and normal loading no correction 
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is necessary either, since the variation in gain at the output is actually 
less than it is for the ideal parabolic pre -emphasis (see Fig. 1). For reverse 
loading, however, the variation is greater than for a parabolic shape-the 
variation becoming greater the bigger the difference between C/No value 
at the various earth stations. The problem is that the output signal de- 
pends very heavily on only a subset of the N channels going to the poorest 
earth stations. This could be handled by boosting the value of g, but the 
exact value would depend on the distribution of voice channels. We shall 
end the discussion by pointing out that while the results derived above 
hold for reverse loading, increased rf bandwidth probably needs to be 
allowed for in some situations. 

5. Standard Pre -Emphasis 

The standard pre -emphasis filters used are not actually parabolic but 
have a constant plus -parabola shape. This is because the pre -emphasis 
corrects for or equalizes for more than the effects of thermal* noise. Since 
the output noise density due to thermal noise approaches zero at low 
baseband frequencies, other sources of noise which are normally negli- 
gible become dominant. The effect of these various sources is taken into 
account by assuming that the shape of the noise spectrum is of the form 

1 + (1/h)2] where fo depends on the relative strengths of thermal and 
nonthermal noise. In calculating link budgets, where these relative 
strengths are not known a priori, it is common practice to use a CCIR 
recommendation, which indirectly specifies fo. The pre -emphasis filter 
has the same form as the total noise spectrum assumed 

I'(f) = K-111 + (f11o)21. 1181 

"1 o meet the normalization condition of Eq. 141, it follows that 

K=[1+1(6o)21 1191 

The CCIR recommendation is to take the pre -emphasis for the top- 
most channel (f = f,,,) as 4 dB (or a factor of 2.511 ...) rather than a factor 
of'3 which is the result for a parabolic pre -emphasis. Using Eqs. 1181 and 
1191 and I'(f,,,) = 2.51 1 implicitly specifies lo in terms of f,,,. Then (f,,,/fo)2 

We call it thermal noise when it Is lumped into the C/No value of the station even though the ultimate 
causes may be nonthermal (such as intermod noise from the satellite TWT). 
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= 9.292 ... , and we shall use this value whenever making numerical 
calculations. 

In analogy to the work of Section 3, we wish to provide equal SNR for 
each voice channel at each earth station taking into account a con- 
stant -plus -parabolic noise spectrum. Because the value of fo will in 
general be different for each station, there is no simple modification of 
the pre -emphasis of Eqs. [18[ and [19] that will accomplish this. Further, 
these values (of fo) will not usually be known. In analogy with the CCIR 
procedure for standard pre -emphasis, we change the problem slightly 
and (for normal loading) we imagine that at station 1 the lowest group 
of voice channels N1 have a test tone -to -noise given by (TT/N)re,,, that 
the second group N,, have the value [(C/No),/(C/No)2](TT/N)r,.y and 
so on until the last group of N,%f has value [(C/No)1/(C/No),51](TT/N)req. 
The idea is that the other stations will arrive at approximately the re- 
quired value of TT/N because of the proportionately higher C/No. An- 
other way of putting this is that an (f,//0)2 value of 9.292 is assumed at 
each of the earth stations. 

In analogy with Sect ion 3, we assume a pre -emphasis function P(f) 
given by 

(f) - h; , Si-In, - f - 6i1 [201 

where K is given by Eq. 1191. The values of h; obey the relation 

h; (C/N) i 

hi (C/Nu); 

and, of course, the normalizing relation of Eq. 141 holds. Substituting 
Eqs. [20] and 1211 into Eq. 141 (gives 

h,= 1/ó 

óii 

[1 
/fmll-{ (C/No)I 

3 fo ,= i (C/Nn); 

x [(1; - ll ;-i) + (;'{ - ;-'`) 
3 

( 
\foI, J 

1211 

[22] 

[23] 

Now since the CCIR recommended pre -emphasis network has the 
form K-111 + (f/f)2I and the pre -emphasis function of the N 1 channels 
going to earth station one is b iK-' '11 + (f/fo)2], it follows that compen- 
satory pre -emphasis provides a gain over noncompensatory pre -emphasis 
of hi or 1/s where ó" is given by Eq. [23]. Likewise, the gains of all the 
other groups are 1/h". 

To gain some appreciation for how this modification of standard 
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pre -emphasis differs from the "ideal" case, consider the case i = 2 with 
p = (CIN0)1/(C/N0)2. Then 

ó"=(1-p) 

lo 

8 
(indb) 

5 

t :i I f,,, 2 
SI + t 

3 hi +p. 
1 + -1 (f' l2 3\fa/ 

P=IOdb\ 

\ -----PARABOLIC \ PRE -EMPHASIS 

P=3db 

CONSTANT + 
PARABOLA PRE- 
EMPHASIS 

1.0 

Fig. 4-Gain for parabolic pre -emphasis and constant -plus -parabolic pre -emphasis. 

124] 

This is plotted in Fig. 4 along with the results for "ideal" pre -em- 
phasis from Sect ion 3 for comparison. As would he expected, the results 
for standard pre -emphasis are somewhat worse. Hear in mind that the 
solid curve holds only for the value (f,,,/f0)2 = 9.292. For higher values 
of this ratio (i.e., lower fo or less excess low -frequency noise), the results 
are higher. In fact, as f,,,/fig - co, the results of Fq. [241 approaches the 
result of F,q. 1121 as indeed it should. 
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6. Summary 

We have shown that as long as the C/No at the various destination sta- 

tions are different, compensatory pre -emphasis always results in a gain. 

The numerical value of this gain has been calculated for various cir- 

cumstances. We have further shown how this gain may be utilized to 

reduce carrier power or reduce rf bandwidth or combinations of these. 

We have also shown that the compensatory pre -emphasis function can 

be simply produced by the normal pre -emphasis filter fed by channel 

groups in the FI)M group inputted at different gains. 

It should he remarked that while all the calculations performed here 

are for providing equal SNR at each earth station, this is by no means 

necessary. The development of expressions for the case of unequal de- 

sired SNIZ proceeds in a parallel way. The results differ in that the ex- 

pressions, which in our case involve quotients of carrier -to -noise density 

ratios, will (in the case of unequal SNR) involve the product of quotients 

of carrier -to -noise density and SNR. 
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A High -Speed CCD-Scanned Photosensor for 
Gigabit Recording Applications*t 

D. A. Gandolfo, A. Boornard, E. P. Herrmann, and D. B. Stepps 

RCA Advanced Technology Laboratories, Camden, N.J. 08102 

Abstract -Experiments with a CCD-scanned photocapacitor array are given. The device, 
a 32 -stage, linear array processed in buried channel technology has been operated 
at clock frequencies in excess of 100 MHz. At frequencies up to 50 MHz, we es- 
timate that the upper limit of the transfer loss is 2 X 10-4 per transfer. Parallel 
charge transfer from the photocapacitor array into the readout register in 5 nanosec 
with less than 5% loss has been observed. The paper also describes several 
possible device configurations for use in a 2-gigabit/sec recording system. 

1. Introduction 

The continuing object ive of the work presented here is to develop pho- 
tosensors capable of serving as readout devices for tilt ra-widehand, ho- 
lographic recorder -reproducer systems. In particular, the use of 
charge -coupled devices is investigated, and it is found that these devices 
with high sensitivity, low noise, and high operating speed are well suited 
to the application. Earlier work I examined, in a general way. the re- 
quirements imposed by two classes of gigabit recording systems on 
charge -coupled photosensors. That work provided an experimental 
demonstration that a crucial requirement. that of high-speed low -loss 
serial transfer of the photogenerated charge, could he met. Analysis 
showed I hat the signal-to-noise rat io would be adequate at the low light 

' Supported in part by Rome Air Development Center contract F30602 -76-C-0072; A. Jamberdino and 
J. Petruzelli, Project Engineers. 

This paper was presented at the 1976 Electro-Optics/Laser Conference, N.Y., Sept. 14-16 (1976), 
and appears in the Proceedings of that conference. 
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HIGH-SPEED PHOTOSENSOR 

levels expected. More recent work has concentrated on high-speed 

parallel transfer of charge from the photosensors into the serial transport 

register, serial transfer at still higher speeds, and device configurations 

capable of operating with a breadboard version of a gigabit recorder. We 

have developed a CCD-scanned photosensor array that has demon- 

st rated (1) serial transfer at frequencies up to 50.5 MHz with no ob- 

servable transfer loss and (2) parallel transfer time as short as 5 nanosec 

with very small transfer loss. Several device configurations for a 2 -gig- 

abit -per -second system have been considered and will be described. 

BEAM 
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Fig. 1-Functional diagram of the SP' class of holographic recorder reproducer systems. 

The high-speed scanner deflects 128 bit Fourier transform holograms. (After 

Bardos.2) 

2. Ultra-Wideband Recording 

The baseline system for realization of a gigabit recorder -reproducer has 

been designated the SP* -2. It is shown schematically in Fig. 1 and has 

been described by Bardos2 and others.; The distinguishing characteristic 

of this system (as far as the readout technique is concerned) is a polyg- 

onal mirror that rotates at high speed and sweeps 128 -bit holograms past 

the image plane at a rate of up to 1.56 X 107 holograms/sec. An output 
data rate of up to 2 gigabits/sec is thus realized. The format of an indi- 

vidual hologram is simply a linear array of 128 hit positions with each 

position occupied by a bright or dark spot. During readout, an entire 
128 -bit hologram will be imaged on the readout device at one time. The 

dwell time for a single hologram is 64 nanoseconds, for a 2-gigabit/sec 
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rate, with laser light incident during approximately 50% of this time. 
Thus. a new hologram is presented for readout every 64 nanoseconds. 
The characteristics of the SP* -2 system that are particularly relevant 
to development of a readout subsystem are summarized in Table 1. 

Table 1-System SP* -2 Baseline Readout Parameters for 2-Gb/sec input-2- 
Gb/sec output Holographic Recorder -Reproducer 

Hologram Readout Rate 

Hologram Scan Duration 
(1 28 Bit "I"/"0" pattern ) 

Laser Type 
Laser Operation 
Laser Power 
Height of " 1 "/"0" pattern 

at readout plane 
Optical Power per "1" 
Optical Energy per "1" 
No. of Photons per "1" 

15.625 X 10" Holograms/sec 
(2 Gb sec -`/128 Bits Holo-' ) 

64 ns (per 128 hits) 

Argon (5145 A ) 
Cw 
3.0 watts 
0.325 cm (128 mils) to 

0.650 cm (256 mils)* 
240 nW* 
7.68 X 10-'5 joulest 
2.O x 10 

* Conversation H. N. Roberts, I larris Corporation, Melbourne, Florida. t Assumes 1/2 of 64 ns scan period is useful. 

3. CCD-Scanned Photocapacitor Array 

Ref. 111 pointed out that the CCD scanned photosensor has important 
advantages as a readout device in high-speed recording systems. This 
device (Fig. 2) in its simplest form consists of a photocapacitor array, 
a transfer gate and a CCD readout register. Minority carriers generated 
by light incident on the photocapacitor array are collected in potential 
wells created by a bias applied to the photogate. (Majority carriers escape 
into the substrate.) A pulse applied to the transfer gate will cause parallel 
transfer of the accumulated charge packets from the photocapacitor 
array into the CCD register. The charge packets are then clocked out by 
the CCI) register. The principal advantage of this arrangment is that 
data smearing is prevented. The transfer gate isolates the photosensors 
from the readout register so that optical integration of a hologram can 
occur while the previous hologram is being read out. 

High-speed operation of COD's is made possible by the buried channel 
process. This process causes signal charges to he stored a small distance 
below the silicon -oxide interface so that charges are not exposed to 
surface states. Thus, transfer loss associated with surface states is 
eliminated, resulting in low noise and a higher MTF at high frequency. 
In addition, the charge transport is governed by bulk mobility so that 
higher drift velocity and higher operating frequencies may be real- 
ized. 
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Fig. 2-Basic arrangement of CCD scanned photocapacitor array and partial schematic 

circuit. 

4. Requirements for Potential Photosensor Configurations 

We will now examine several ways in which CCD-scanned photocapacitor 

arrays may be arranged to satisfy the readout requirements of a 2 giga- 

bit/sec system. The characteristics of each arrangement, especially with 

respect to operating speed, will he given. Figs. 3-7 show, conceptually, 

five configurations differing from each other in the number of devices 

PHOTO - 
CAPACITOR 
ARRAY 

TRANSFER 
GATE 

SERIAL 
READOUT 
REGISTER 

SINGLE 'VIDEO' OUTPUT 
AT 2 GIGABITS/SEC 

Fig. 3-Modulo 1 photosensor configuration. 
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employed, the number of data outputs, the time allowed for parallel 
transfer, and the CCD clock (serial transfer) frequency. The arrangement 
designated Modulo 1 is not considered a realistic option but is given in 
order to establish perspective. If all 128 bits are read out by a single CCD 
register and if 10 nanosec parallel transfer time is allowed, then the CCD 
must he clocked at 2.36 GHz, well beyond even the most optimistic es- 
timate of CCD capability. 

The Modulo 16 configuration (Fig. 4) would have 16 CCD readout 
registers arranged (8 on either side) about a linear array of 128 photo - 
sensors. Thus, there would be 16 outputs at 148 MHz each (the CCD 
clock frequency), where we are still allowing 10 nanosec parallel transfer 
time. While operation at 148 MHz is difficult, it is in the range achieved 
by several laboratories."5 The Modulo 32 configuration (Fig. 5) is similar 
to Modulo 16 except that 32 CCD registers (hence, 32 outputs), operating 
at 74 MHz each, are required. The Modulo 128 approach (Fig. 6) would 
have 128 outputs, each yielding data at a 16 MHz rate. This approach 
eliminates the CCD serial transfer register. However, it does make use 
of charge coupling principals in transferring signal charge from the 
photosensors to the output circuits, thereby achieving low noise and high 
sensitivity (chiefly through a reduction in the sense node capacitance). 
Modulo 16 with 5:1 fanout (Fig. 7) would use 5 photosensor devices in 
parallel. The devices would be coupled to the image plane via fiber optics 
(or possibly, prismatic beam splitters). This approach permits an in- 
crease in parallel transfer time to 80 nanosec while slowing the CCD 
clocks to 40 MHz. '1'he penalty, of course, is a decrease in signal-to-noise 
ratio by a factor equal to the fan out, since light from a single image plane 
position must be divided to illuminate several sensors. The character- 
istics of the various approaches are summarized in Table 2. 

5. Experiments 

Laser probe experiments on a CCD-scanned photocapacitor array, de- 
veloped at RCA, have provided answers to important questions about 
serial and parallel transfer. The laser probe experimental setup (Fig. 8) 
enables us to illuminate one photosensor element at a time and to move 
the laser spot from element to element for comparison. The light source 
is a 3-mW He-Ne laser. With precision attentuators, we can vary the 
power incident on the sample from 3 mW down to a few nanowatts. The 
modulator controls the optical integration time so that the quantity of 
light incident may be held constant while other parameters are varied. 
The autocollimator provides a gaussian spot and the micromanipulator 
moves the laser spot from element to element. High-speed, emitter - 
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Fig. 5-Modulo 32 photosensor configuration. 
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Fig. 6-Modulo 128 photosensor configuration. 
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Fig. 7-Modulo 16 photosensor configuration with 5:1 fan -out. 

coupled -logic circuits are used for timing; discrete devices are used for 
clock drivers. 

The experimental device is shown in Fig. 9(a). It is a 32 -element CCD 
scanned photocapacitor array and was fabricated using the IZCA buried 
n -channel process with aluminum and polysilicon gates. The important 
features of the photosensor array are shown schematically in Fig. 9(b). 

Table 2-Summary of Requirements for Various Pf:otosensor Configurations 

Parallel 
No. of Transfer CCD Clock Configuration Outputs Time Frequency 

Modulo 1 1 10 nsec 2.36 Gliz Modulo 16 16 10 nsec 148 MHz Modulo 32 32 10 nsec 74 MHz Modulo 128 128 32 nsec Modulo 16 w/5:1 fallout 16 from each 
of 5 CCDs 

80 nsec 40 MHz 

* No CCD register is used in this case. The output data rate is 16 MHz. 
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Fig. 8-Schematic of laser probe experimental setup. 

The complex structure of the photosensor was designed to enable the 
high-speed transfer of charge over a long length, approximately two mils 

(50 pm), as initially required by the geometry of the data bits in the 

readout application. In the experiments reported here, the laser spot was 

imaged on image gate 1 while the storage electrode and the transfer gate 

were tied together and operated as a single gate. 

Several different clocking techniques were used: (1) sine -wave, four - 

phase, interrupt; (2) sine -wave, two-phase, continuous; and (3) square - 

wave, four -phase, interrupt. Square -wave clocks were used up to 40 MHz 
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Fig. 9-Photomicrograph of experimental charge -coupled photosensor array (TC 1180) and 

gate structure schematic showing one sensor element and one stage of the CCD 

readout register. 
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while sine -wave clocks were used up to 180 MHz. (While operation at 
180 MHz was observed, the clocks were not optimized for that frequency 
and no quantitative results can be given.) Two-phase operation sim- 
plified timing but four -phase operation yielded lower transfer loss. In 
the interrupt mode, the CCD serial -transfer clocks were stopped during 

I 

(a) 41.5 MHz 

.l. ,ºt........ J.,_J.. 

(c) 50.5 MHz (d) 109 MHz 

Fig. 10-Serial transfer measurements. Photos (a), (b), and (c) for four -phase sine wave 
interrupt clocks; photo (d) is for two-phase sine wave continuous clocks. Shown 
are output signals when individual sensor elements are illuminated by laser 
spot. 

parallel transfer; in the continuous mode, used at the highest frequencies, 
the serial clocks continued to run during parallel transfer. Continuous 
clocking permits operation without additional time for parallel transfer, 
thus allowing a reduction in serial -transfer clock frequency. However, 
the timing of the transfer pulse is more critical than in the interrupt 
mode. 

Data are presented for two general classes of measurements-those 
concerned with high-speed serial transfer in the CCI) register, and those 

536 RCA Review Vol. 37 December 1976 



HIGH-SPEED PHOTOSENSOR 

concerned with high-speed parallel transfer from the photosensors into 
the serial transport register. 

Serial transfer data are given in Fig. 10 for several frequencies. In 
photos (a) and (h), four -phase, sine -wave, interrupt clocks were used. 
The photos are multiple exposures with the laser spot illuminating a 

different element for each exposure. Photo (c) was made with the device 

i'011111111l 

I If 

bI IIII1 I 

SIGNAL 

TC)1Bo 

TEKTRONIX 7904 OSCILLOSCOPE 

IN (TO DISPLAY) 

RESET 
CLOCK BANDPASS 

AMPLIFIER 

Fig. 11-Clock feed through cancelation. 

operated by two-phase, sine -wave, continuous clocks. In photos (a) and 
(h), the left -most signal is from a sensor near the device output while the 
right -most signal is from the sensor farthest from the output. If there 
were significant transfer losses, the signals from the more distant sensors 
would be smaller since they undergo more transfers. However, this is not 
the case in the data shown here, where signals from more distant ele- 
ments are equal in amplitude to those nearer the output. If we say that 
the last signal is one-half of one small division smaller than the first 
signal, we may estimate the upper limit to he e = 2 X 10-4 per transfer. 
This would result in a barely -perceptible amplitude difference between 
the first and last elements. The scope trace in photo (c) shows operation 
at 109 MHz. 

Clock feedthrough cancellation was used as shown in Fig. 11. One of 
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the chief advantages of the sine -wave clocks is that they greatly simplify 
feedthrough cancel lat ion. 

In measuring the effects of high-speed parallel transfer, we used the 
modulated laser beam. A light pulse of about 600 nanosec duration il- 
luminated Image Gate 1 (see Fig. 9(h)). The serial register was driven 
by 40 MHz, four -phase, sine -wave clocks interrupted for parallel transfer. 
As stated previously, the storage electrode and the transfer gate were 
tied together. The photogenerated charge had to travel at least 0.6 mils 
(21 pm), the distance from the edge of Image Gate 1 to the edge of the 
serial register (phase -3) gate. Transfer pulse widths from 140 nanosec 
to 5 nanosec were used and the amplitude of the output signal was ob- 
served. The modulated laser pulse ensured that the quantity of photo - 
generated charge was constant, thus any change in output signal could 
be attributed to parallel transfer loss. A typical experiment is illustrated 
in Fig. 12, showing that the 5-nanosec transfer pulse is capable of ef- 
fecting parallel transfer. The data are summarized in Table 3 where it 
is seen that there is a change of not more than 5% in the output signal 
amplitude as the transfer pulse width decreases from 140 nanosec to 5 
nanosec. This result is consistent with a calculation from the theory'' that 
indicates that for the conditions given here (transfer pulse ampli- 
tude 10 volts, oxide thickness 0.1 pm, and taking the effective gate length 
to be 1 mil (25.4 pm)), the fringe -field time constant, which governs 
charge transport, is about 1 nanosec. Thus, we calculate that 5 nanosec 
(5 time -constants) after application of the transfer pulse, 99% of the 
photogenerated charge will have been transferred. 

5. Conclusions 

The efficient, high-speed, serial and parallel transfer demonstrated in 
the experiments reported here, indicate that charge -coupled photosensor 
arrays will serve as readout devices in gigabit recording systems. Several 
possible configurations have been described, offering flexibility in de- 
signing devices for specific systems. 
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HIGH-SPEED PHOTOSENSOR 

e 

5 NANOSEC/DIV 

(a) transfer pulse 

5 NAN05EC/DIV 

(b) photosensor output signal 

Fig. 12-High speed parallel transfer: trace A shows the pulse applied to the transfer gate 

and trace C the corresponding output signal; when the transfer pulse amplitude 

is reduced to zero (trace B), the output signal drops to the feedthrough level (trace 

0). 

Table 3-Parallel Transfer Results (Serial Transfer Clock 40 MHz) 

Transfer Pulse 
Width (nanosec) 

Output Signal 
Amplitude (mV) 

140 105 
116 105 
104 105 
95 105 
60 105 
50 105 
28 105 
15 100 

5 100 
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